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Abstract. The three-dimensional structure of both compress-
ible and incompressible components of turbulence is investi-
gated at proton characteristic scales in the solar wind. Mea-
surements of the three-dimensional structure are typically
difficult, since the majority of measurements are performed
by a single spacecraft. However, the Cluster mission consist-
ing of four spacecraft in a tetrahedral formation allows for
a fully three-dimensional investigation of turbulence. Incom-
pressible turbulence is investigated by using the three vector
components of the magnetic field. Meanwhile compressible
turbulence is investigated by considering the magnitude of
the magnetic field as a proxy for the compressible fluctua-
tions and electron density data deduced from spacecraft po-
tential. Application of the multi-point signal resonator tech-
nique to intervals of fast and slow wind shows that both com-
pressible and incompressible turbulence are anisotropic with
respect to the mean magnetic field direction P⊥� P‖ and are
sensitive to the value of the plasma beta (β; ratio of thermal
to magnetic pressure) and the wind type. Moreover, the in-
compressible fluctuations of the fast and slow solar wind are
revealed to be different with enhancements along the back-
ground magnetic field direction present in the fast wind in-
tervals. The differences in the fast and slow wind and the
implications for the presence of different wave modes in the
plasma are discussed.

Keywords. Interplanetary physics (MHD waves and turbu-
lence)

1 Introduction

The solar wind is a collisionless, magnetised plasma origi-
nating from the Sun and is often observed to be in a state
of fully developed turbulence (Tu and Marsch, 1995; Bruno
and Carbone, 2013; Alexandrova et al., 2013). In contrast
to a neutral fluid that can be regarded as isotropic where
vorticities are randomly oriented (Frisch, 1995), the pres-
ence of a large-scale magnetic field causes anisotropic fluc-
tuations in the plasma (Shebalin et al., 1983). Several ob-
servations have demonstrated the anisotropies of variance
(Belcher, 1971), wave vectors (Chen et al., 2010a; Roberts
et al., 2013, 2017b), spectral index (Horbury et al., 2008;
Wicks et al., 2010; Roberts et al., 2017c) and the fluctua-
tion power (Bieber et al., 1996; Chen et al., 2010a), see also
reviews by Horbury et al. (2012) and Oughton et al. (2015).

To study the anisotropy, correlation lengths in the di-
rections parallel and perpendicular to the magnetic field
B0 have often been calculated. These revealed correlation
lengths longer in the parallel direction than in the perpen-
dicular direction l‖ > l⊥ implying a wave vector anisotropy
k⊥� k‖ (Matthaeus et al., 1990). Furthermore, when solar
wind intervals are classed according to their bulk speed Vsw
into fast wind (Vsw > 500 km s−1) and slow wind (Vsw <

400 km s−1), the fast wind was found to contain more par-
allel fluctuations k‖ > k⊥ than the slow wind (Dasso et al.,
2005). This was interpreted to be due to the slow wind being
older, having more time to develop before being observed at
the spacecraft which are predominantly located at 1 AU in the
ecliptic. Moreover, study of other parameters such as plasma
velocity, density and temperature show that the geometries
of fluctuations in these parameters also exhibit similarities
to the magnetic field (Smith et al., 2013). Such studies at ki-
netic scales are more problematic since plasma data with suf-
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ficiently high time resolution are often unavailable. As such,
the majority of progress in the study of kinetic turbulence
has come from magnetic field measurements, which at pro-
ton scales is dominated by incompressible fluctuations (e.g.
Kiyani et al., 2009).

The solar wind plasma is also weakly compressible (e.g.
Hnat et al., 2005; Chen et al., 2012a; Kiyani et al., 2013;
Roberts et al., 2017b, 2018). However, detailed investiga-
tions at kinetic scales are typically hampered by the low time
resolution of plasma instruments, and thus fluctuations in the
magnitude of the magnetic field have often been used as a
proxy for the compressible fluctuations provided that fluctu-
ation amplitudes are small ( δB

|B|
< 1). One novel method to

obtain density fluctuations is to use the calibrated spacecraft
potential (Pedersen et al., 2001; Kellogg and Horbury, 2005).
This allows the electron density to be determined with a high
enough time resolution for proton kinetic scales to be inves-
tigated.

Several studies of the density power spectrum have high-
lighted the importance of plasma β (ratio of thermal to mag-
netic pressure) for the shape of the power spectrum of den-
sity fluctuations. Smaller values of β are associated with flat-
tening of the power spectrum near ion scales (Chen et al.,
2012b). This has been modelled as being due to two com-
peting processes: a cascade which is passive to the Alfvénic
turbulence at large scales, i.e. the compressible component
cannot interact with the incompressible component. This is
followed in the kinetic range by an active cascade where both
components can interact (Chandran et al., 2009; Schekochi-
hin et al., 2009). Further evidence of this hypothesis was
found in Roberts et al. (2017b). The dispersion relation di-
agrams of the compressible components of the turbulence
were found to be significantly broadened compared to the
vector magnetic field, which is a marker of increased wave–
wave interactions (Narita and Motschmann, 2017). The value
of plasma β has also been shown in multi-point measure-
ments and direct numerical simulations to affect the level of
anisotropy in the plasma (Comişel et al., 2014).

Several different approaches can be taken to investigate
the spatial structure of the plasma. Often, much of the infor-
mation gained about solar wind turbulence comes from sin-
gle spacecraft measurements. Should the fluctuations evolve
slowly compared to the time it takes them to advect over
the spacecraft, spatial information can be gained along the
sampling direction, by assuming Taylor’s hypothesis (Tay-
lor, 1938). This hypothesis assumes that the intrinsic fluc-
tuation timescale is slow compared to the time it takes the
fluctuation to advect over the measurement point such that a
one-dimensional spatial cut through the plasma is obtained
by the spacecraft. The hypothesis has been shown to be a
good approximation at fluid scales; however, at proton scales
the quality of the estimation often decreases (Narita, 2017;
Perri et al., 2017a, b), especially when flow speed is low or
fluctuations have large intrinsic speeds (Howes et al., 2014;
Klein et al., 2014a). By assuming Taylor’s hypothesis, spa-

tial information can be gleaned by investigating different in-
tervals when the orientations of the magnetic field with re-
spect to the sampling direction are different provided that
Taylor’s hypothesis is satisfied. Several studies have showed
that the spectral index of fluctuations when a radial field is
present (V sw ‖ B0) is steeper than the typical −5/3 scaling
when the field makes an angle θBV > 30◦ with the flow di-
rection (Horbury et al., 2008; Podesta, 2009; Wicks et al.,
2010; Forman et al., 2011) in agreement with the prediction
for a “critically balanced” turbulent cascade (Goldreich and
Sridhar, 1995) or alternatively a non-elliptic geometry of the
fluctuations (Narita, 2015). However, single-point measure-
ments do not make a simultaneous measurement of the spec-
tral index in k‖ and k⊥, rather different times (or orientations
of the magnetic field) are investigated.

In the study of Chen et al. (2012c) Ulysses magnetic field
data from fast streams of solar wind were investigated up to
the inertial range where the sampling rate of the magnetic
field measurement is 1 Hz. The structure functions in direc-
tions parallel and perpendicular to the local magnetic field di-
rections were used to derive the three-dimensional structure.
The trace magnetic fluctuations (used as a proxy for the in-
compressible fluctuations) were found to evolve towards be-
ing 3-D anisotropic at smaller scales, while fluctuations in the
magnetic field magnitude were found to be more anisotropic
than the incompressible ones.

Given modern computer processing power, an alternative
to using Taylor’s hypothesis is to investigate the spatial struc-
ture of plasma through direct numerical simulations. Several
different schemes have been employed including magneto-
hydrodynamic (MHD) at large scales (e.g. Verdini and Grap-
pin, 2015; Mallet et al., 2016; Pezzi et al., 2017a; Pezzi et al.,
2017b), Hall MHD for scales at the transition between pro-
ton and electron scales (Pucci et al., 2016; Pezzi et al., 2017a;
Pezzi et al., 2017b), hybrid Vlasov (e.g. Perrone et al., 2013;
Franci et al., 2015a, b; Valentini et al., 2016; Cerri et al.,
2016, 2017; Pezzi et al., 2017a; Pezzi et al., 2017b) or hy-
brid particle in cell (Comişel et al., 2014) for proton kinetic
scales, finally full particle in cell descriptions can be used to
investigate sub-ion scales (Camporeale and Burgess, 2011;
Haynes et al., 2014; see also the review by Servidio et al.,
2014). Recently the same structure function analysis in Chen
et al. (2012c) were applied to simulated magnetohydrody-
namic data by Verdini and Grappin (2015) and Mallet et al.
(2016) yielding a similar structure of the turbulence.

A final possibility to overcome the difficulties and am-
biguities associated with studying turbulence with a single
spacecraft are to use multi-spacecraft missions such as the
Cluster mission (Escoubet et al., 1997, 2001), as well as spe-
cialised analysis techniques which have been developed. Two
different techniques have often been used to investigate the
anisotropy of solar wind turbulence, the first being based on
differences in the fluctuations between pairs of spacecraft
(e.g. cross correlation or structure functions) and the second
being the use of a multi-spacecraft k-filtering/wave telescope
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(Pincon and Lefeuvre, 1991; Motschmann et al., 1996) and
other derived techniques. While the former requires an as-
sumption of a modified Taylor’s hypothesis (e.g. Horbury,
2000; Osman and Horbury, 2009), and can use a “local” mag-
netic field (e.g. Chen et al., 2010a), the latter requires weak
stationarity and that the signal can be described as a superpo-
sition of plane waves with random phases with a small com-
ponent of incoherent noise (e.g. Tjulin et al., 2005; Roberts
et al., 2014), and use a global magnetic field. Although due
to the short data intervals investigated (∼ tens of minutes for
proton scales), the difference between a local and global field
is small, and intervals can be selected where the magnetic
field direction does not vary much.

The multi-point signal resonator technique (MSR; Narita
et al., 2011c) is a derivative of wave telescope/k-filtering
methods which estimate the four-dimensional power distri-
bution in wave-number space P(ωsc,k) with an improved
signal-to-noise ratio. This improvement is essential for inves-
tigating the morphology at small scales. Several studies on
the solar wind have been performed by looking at the peaks
in the four-dimensional spectra revealing a strong wave-
vector anisotropy at MHD and proton kinetic scales in the
incompressible magnetic field (Sahraoui et al., 2010b; Narita
et al., 2011c; Roberts et al., 2013; Roberts and Li, 2015; Per-
schke et al., 2016; Narita and Motschmann, 2017), as well as
in the compressible fluctuations (Roberts et al., 2017b). The
three-dimensional morphology of the total magnetic fluctua-
tions in wave-number space, P(k)=

∫
P(ωk)dω, has also

been investigated by Narita et al. (2010, 2011a, b, 2014).
These studies revealed that the vector magnetic fluctuations
(which are dominated by incompressible fluctuations) dis-
play anisotropy in the direction perpendicular to the magnetic
field and also in the direction perpendicular to the bulk flow
velocity.

An interesting result from the aforementioned works of
Narita et al. (2010, 2011a, b, 2014) as well as in Saur and
Bieber (1999), Chen et al. (2012c) and Roberts et al. (2017a)
is that axial asymmetry was revealed with respect to the
background magnetic field B0. Extensions to the power in
wave space were also seen in the direction of the convective
electric field E =−V ×B0. The role of solar wind expan-
sion and the influence of the convective electric field were
hypothesised to play a role in forming the observed axial
asymmetry (Narita et al., 2014). Alternatively Turner et al.
(2011) demonstrated that a sampling effect could account
for the non-axisymmetry seen in methods that invoked Tay-
lor’s hypothesis, and argued that it would also apply to wave
telescope/k-filtering methods since frequency filtering is per-
formed in the spacecraft frame.

In this paper we present a new study of the three-
dimensional structure of the turbulence in the solar wind, and
this will be investigated using the MSR technique (Narita
et al., 2011a, c, 2014). However, in addition to using the
vector magnetic field as an input as in these previous stud-
ies, we will also use the fluctuations in the magnitude of the

magnetic field B‖ as well as fluctuations in electron num-
ber density ne to investigate the three-dimensional structure
of the compressive fluctuations at the ion inertial and ion
kinetic ranges. The ability to estimate the power in three-
dimensional space, as well as collapsing the power into one-
dimensional spectra as a function of wave number, allow us
to make a detailed study of both the power anisotropy and
the anisotropy of the spectral index.

2 Data and methodology

Multi-point data from the solar wind are provided from the
Cluster mission (Escoubet et al., 1997, 2001) when the angles
between the magnetic field direction are greater than 60◦ in-
dicating that the spacecraft were magnetically unconnected
to the foreshock. Magnetic field data are used from the flux-
gate magnetometer (FGM) instrument (Balogh et al., 2001),
which has a sampling frequency of 22 Hz. High time reso-
lution density measurements are obtained by calibrating the
spacecraft potential (e.g. Pedersen et al., 2001; Kellogg and
Horbury, 2005; Pedersen et al., 2008) obtained from the elec-
tric field and waves instrument (Gustafsson et al., 1997) to
electron density measurement performed by the WHISPER
instrument (Decreau et al., 1997). The spacecraft potential
data are subject to a strong spin effect at 0.25 Hz, as well as
charging effects at 0.5 Hz and other higher harmonics. We
use the method described in the appendix of Roberts et al.
(2017b) to remove these various effects. The spurious fluctu-
ations are removed by constructing a statistical model of the
spacecraft charging as a function of the spacecraft spin phase
angle. This can then be subtracted from the spacecraft poten-
tial for a given spin phase, and calibrated to give a density
measurement with a sampling frequency of 5Hz.

In total four intervals are analysed, where we have mag-
netic field and spacecraft potential data available for all in-
tervals. These intervals were chosen as there is no connec-
tion to the foreshock and the Cluster spacecraft configuration
has inter-spacecraft distances of∼ 200 km in a nearly regular
tetrahedral configuration with low values of the planarity and
elongation parameters (Robert et al., 1998). This allows the
investigation of the proton kinetic scales without bias due to
inhomogeneous spatial sampling. Parameters of the four in-
tervals are given in Table 1. These include intervals of fast
and slow wind with various different values of plasma β.

As the MSR technique is a global technique (based on
Fourier analysis), we use the mean magnetic field in the inter-
val to define the parallel direction, whereas the perpendicular
direction is defined as the mean over all angles which are per-
pendicular to the mean direction. It is important to note that
anisotropy has been measured to be related to the local mag-
netic field direction, therefore intervals are selected so that
there are no large changes in the magnetic field direction.
The times are selected to be sufficiently short so that the lo-
cal magnetic field at proton scales and the global magnetic
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Table 1. Table of the mean plasma and spacecraft parameters in the interval organised from low to high β.

Interval vsw β B n T P E

(UT) (km s−1) (nT) (cm−3) MK

I1 21 Feb 2004 385 0.55 8.94 10.1 0.15 0.14 0.07
23:00–23:24
I2 29 Feb 2004 655 0.75 9.58 2.8 0.79 0.02 0.01
04:10–04:34
I3 10 Feb 2004 369 1.54 4.00 5.9 0.12 0.05 0.09
18:52–18:24
I4 19 Jan 2004 601 2.78 4.75 3.3 0.44 0.02 0.09
18:52–19:15

field are approximately similar while having enough data
points for sufficient averaging required for the MSR tech-
nique. Should a much longer time interval be used, then the
global and local magnetic field directions might differ signif-
icantly and results may not be representative.

To estimate P(k) we use the MSR technique (Narita
et al., 2011c), while the same global peak is recovered by
the MSR technique and wave telescope/k-filtering methods
(e.g. Narita et al., 2011c). The MSR technique improves on
wave telescope/k-filtering by making use of the multiple sig-
nal classification algorithm (Schmidt, 1986) to improve the
signal-to-noise ratio, with an extension to the cases in which
the number of sources is unknown (Choi et al., 1993). The
improvement in the solution that the MSR technique offers
compared to the k-filtering/wave telescope techniques is im-
portant for investigating the three-dimensional distribution,
since it significantly reduces the background power allowing
the morphology of the spectrum to be better determined.

The main advantage of the MSR technique is that it does
not require assuming Taylor’s hypothesis, but does assume
that the fluctuations can be described as a superposition of
incoherent plane waves (random phases), and that the signal
can be decomposed into separate signal and noise compo-
nents (Narita et al., 2011c). The method has also been vali-
dated by Roberts et al. (2014) and Perrone et al. (2017) for
intermittent signals more characteristic of coherent structures
which are also often present in the solar wind plasma (e.g.
Osman et al., 2011; Perri et al., 2012; Roberts et al., 2016;
Perrone et al., 2016, 2017).

Typically when applying the MSR technique to magnetic
field data, 12 time series have been used as inputs: three com-
ponents of the magnetic field at four spacecraft. Additionally
for the vector magnetic field data, the solution can be con-
strained by using the divergence-free nature of the magnetic
field. In this study we will investigate the three-dimensional
incompressible turbulence by using the vector magnetic field
(12 time series) which we use as a proxy for the incompress-
ible fluctuations in the solar wind. The compressible compo-
nent of the turbulence will be investigated by using the mag-
nitude of the magnetic field and the electron number density

which both take an input of four time series each. The techni-
cal details of the method and its application to a scalar time
series are discussed in detail and tested for simulated and
real data in Roberts et al. (2017b). The lack of a divergence-
free condition and the smaller number of time series makes
identifying multiple peaks in the distribution difficult; how-
ever, similar morphologies were found when comparing the
full magnetic field with the constraining condition to a sin-
gle magnetic field component at each spacecraft without the
constraining condition.

One important issue is that the presence of a constrain-
ing condition has the effect of eliminating any mathemati-
cal solutions which do not satisfy the condition. Conversely
the absence of a constraining condition makes the possi-
bility of spatial aliasing occur more likely when two wave
vectors cannot be differentiated between each other, e.g.
k1r = k2r + 2nπ . It is technically possible for aliasing to
occur in two ways: the first being that an unphysical wave
vector is recovered rather than a larger physical wave vec-
tor. This is unlikely for turbulence as the power is larger at
smaller wave numbers. The second way in which aliasing
can occur is that an unphysical wave with a large wave num-
ber is recovered instead of the physical wave with a smaller
wave number. While it is impossible to remove this effect, we
can mitigate its effect by limiting the frequency range in the
spacecraft frame appropriately. To curtail this effect we limit
the frequency range studied to a conservative range between
0.06–0.8 Hz. These limits are set by the spacecraft separa-
tions where the maximum wave number is set as kmax = π/d

where d is the average spacecraft separation. A minimum
wave number of kmin = kmax/25 such that we can determine
the peak in wave-vector space with accuracy greater than
10 % (Sahraoui et al., 2010a; Roberts et al., 2017b). These
wave number limits correspond to spacecraft frequencies of
fsc ∼ 0.06 and fsc ∼ 1.6 Hz when Doppler shifted. However,
to avoid instrumental noise, especially from the spacecraft
potential measurement, we set a more conservative upper
limit for the frequency of 0.8 Hz in the spacecraft frame. To
investigate the three-dimensional distribution of power at in-
ertial range and proton kinetic scales the energy distributions
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are integrated over the frequencies between 0.06 and 0.8 Hz
in the spacecraft frame.

3 Results and discussion

3.1 Anisotropy

To display the results of the four-dimensional P(ω,k) ob-
tained from the MSR technique they are integrated in fre-
quency

∫
P(ωsc,k)dωsc, and then averaged over azimuthal

angles with respect to the mean magnetic field φ. This gives
a measure of the total power anisotropy with respect to the
mean magnetic field direction.

P(k‖,k⊥)=
1

2π

∫
dφ

∫
P(ω,k‖,k⊥,φ)dω (1)

The total magnetic field which is dominated by incom-
pressible fluctuations is given in Fig. 1c, f, i, l. For the total
magnetic fluctuations, the divergence-free condition can also
be used to improve the solution. The result for the compress-
ible components relating to electron density and magnetic
field magnitude are given in Fig. 1a, d, g, j and Fig. 1b, e, h,
k, respectively. The total magnetic field is given in Fig. 1c,
f, i, l and the additional divergence-free constraint is used
which is dominated by incompressible fluctuations.

It is clear for the incompressible components of all inter-
vals that there is an anisotropy in the direction perpendic-
ular to the magnetic field direction, in agreement with the
vast amount of literature at MHD scales to proton kinetic
scales (e.g. Shebalin et al., 1983; Matthaeus and Goldstein,
1982; Sahraoui et al., 2010b; Narita et al., 2011c; Chen et al.,
2012c; Roberts et al., 2015). Additionally, this anisotropy is
also present in the compressible magnetic field and in the
density although the amount of anisotropy varies somewhat
in different components.

One interesting feature in the incompressible component
of the fast wind intervals is that there is a distinct en-
hancement along the magnetic field direction up to around
k‖vA/�p = 1.5 in Fig. 1f, i. This component is significantly
weaker in the slow wind interval Fig. 1c, when compared
to the two fast wind intervals in Fig. 1f, i. Similar enhance-
ments have been seen in the study of Narita et al. (2014) and
was attributed to the increase in plasma β. The intervals stud-
ied in Narita et al. (2014) included two intervals of higher
plasma β (β > 1), which did show enhancements in the par-
allel direction; however, these were also intervals of fast wind
(vsw > 600 km s−1).

Another interesting feature is that this parallel compo-
nent shows no associated counterpart in either compress-
ible component suggesting that these parallel wave vectors
are not very compressive, ruling out that the components
at these scales are parallel magnetosonic waves which have
higher compressibility (Gary, 1986; Sahraoui et al., 2012).
One interpretation to explain the fluctuations is that these

are ion cyclotron waves (ICWs). This interpretation is sup-
ported by two reasons: the extension in the parallel direc-
tion is smaller than the perpendicular direction as is expected
since the damping rate for ICWs is larger. There is also a
lack of compressible power in the parallel direction suggest-
ing that these fluctuations are more ICWs rather than parallel
magnetosonic waves as for quasi-parallel propagation mag-
netosonic waves are more compressible than ICWs, e.g. Gary
(1986). The results here also complement the studies of the
magnetic helicity (He et al., 2011; Podesta and Gary, 2011;
Klein et al., 2014b; Roberts et al., 2015; Bruno and Telloni,
2015; Woodham et al., 2018), which have shown a signa-
ture consistent with ICWs for intervals of fast solar wind.
Bruno and Telloni (2015) also demonstrated the reduction
and disappearance of this component as the velocity transi-
tioned from fast to slow. This may be due to the fast solar
wind being in a less developed “younger” state than com-
pared to the slow wind which takes longer to arrive to 1 AU
than the fast wind.

To quantify the degree of anisotropy in both cases for the
compressible and incompressible components, we use the
anisotropy index (Shebalin et al., 1983; Saito et al., 2008)
in Eq. (2). The index is equal to 1 for isotropy while val-
ues A< 1 and A> 1 indicate when parallel or perpendicular
wave vectors dominate, respectively.

A=
6kk⊥P(k‖,k⊥)

6kk‖P(k‖,k⊥)
(2)

The range of physical scales are limited by the spacecraft
separation (which was roughly 200 km in 2004), but are also
limited by the plasma parameters giving slightly different
ranges (in normalised units) for the spectra in Fig. 1. To
compare different intervals with one another, we calculate
the value of the anisotropy index up to a maximum value
of 1.4 kvA

�p
. These indices are plotted against the mean value

of plasma β in the interval in Fig. 2a, and as a function of
the bulk speed in Fig. 2b. All components show anisotropy
A> 1 indicating that power in the perpendicular direction
dominates for all of the studied parameters. The dashed line
in Fig. 2a denotes the empirical relation derived from the
numerical simulations of Comişel et al. (2014), and the dot
dashed line at A= 1 denotes isotropy. It is important to note
that this relation was derived for the total magnetic field
fluctuations and were performed over a plasma β range of
[0.05,2]. Any empirical relation deriving from direct numer-
ical simulation between the anisotropy index and the β for
the compressible components is not known but will be the
subject of a future work. The main source of error in deter-
mining the anisotropy index is the change in the spacecraft
positions over time. To estimate the contribution of the er-
ror we run the analysis three times where we use the initial
and final spacecraft positions to determine the error bars and
the value of the anisotropy index uses the mean value of the
positions.
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Figure 1. Reduced two-dimensional spectra which have been integrated in frequency and integrated azimuthally as described in Eq. (1). For
three different intervals, the morphology is investigated for the compressible density fluctuations (a, d, g, j), the compressible (magnitude)
of the magnetic field (b, e, h, k) and the total magnetic field which we use as a proxy for the incompressible fluctuations (c, f, i, l).

Generally all of the incompressible points follow the em-
pirical law obtained in Comişel et al. (2014). In the two in-
tervals of fast solar wind, the compressible magnetic fluctu-
ations are the most anisotropic followed by the incompress-
ible magnetic fluctuations and the most isotropic being the
density fluctuations. This agrees with the results at the iner-
tial range presented by Chen et al. (2012c), where compress-
ible magnetic turbulence was found to be more anisotropic
than the trace fluctuations in their intervals of fast wind with
β ∼ 1. The higher anisotropy in the compressible magnetic
components has been interpreted to be due to fluctuations
that are slow-wave-like in nature, exhibiting anti-correlations
with the density (e.g. Howes et al., 2012), which are damped
proportionally to k‖. Correspondingly only the fluctuations

with the smallest k‖ (or the most perpendicular propagating
fluctuations) survive. This leads to a stronger anisotropy of
the compressible component. However, our results also show
that in the fast wind, the density is more isotropic than either
of the magnetic components.

In the two intervals of slow wind the compressible mag-
netic field is the least anisotropic, with one interval show-
ing the incompressible fluctuations (β < 1) being the most
anisotropic and the other (β > 1) showing density fluctua-
tions being the most anisotropic. The compressible compo-
nents also vary as a function of β; however, it is much less
marked than for the incompressible component. The weak
β dependence shown here is compatible with the interpreta-
tion that wave damping may have a role. For high β plasmas
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Figure 2. (a) Evolution of the anisotropy index with plasma β.
Black, red and blue denote the anisotropy indices obtained from
density, compressible magnetic and total magnetic field, respec-
tively. The green line denotes the empirical relationship between
the anisotropy index and the β (Comişel et al., 2014). (b) The value
of the anisotropy index as a function of solar wind speed.

the kinetic slow wave undergoes significantly stronger damp-
ing than for a lower β plasma (Narita and Marsch, 2015).
One possible scenario is that at lower β kinetic slow waves
are damped less and can survive to ion kinetic scales at
oblique angles and that in these cases the compressible mag-
netic component is formed of a superposition of kinetic
Alfvén waves (KAWs) and oblique kinetic slow waves giv-
ing a smaller anisotropy relative to the incompressible com-
ponents. However, at higher β, oblique kinetic slow waves
cannot survive to these scales and is damped leaving only
the most perpendicular kinetic slow and KAWs, and conse-
quently a higher anisotropy than the incompressible compo-
nent.

There is also a difference between the two compressible
components (density and magnitude of the magnetic field).
This suggests that a single wave mode cannot be used to
describe the fluctuations present in the solar wind. For ex-
ample, should the turbulence only contain slow waves, both
compressible components would be expected to have sim-
ilar shapes and anisotropies by virtue of the strong anti-
correlation of both compressible fluctuations. KAWs also ex-
hibit similar anti-correlations; however, the fluctuations have
smaller amplitudes. For the fast wind, where ICWs are seen,
there is little to no correlation and any compressible fluctu-
ations are likely to be too small to be measured effectively
(Klein et al., 2012), which could contribute to the fact that
the anisotropies of compressible fluctuations are different.

Alternatively, coherent structures or discontinuities may exist
where the magnitude of the magnetic field does not change
but changes in density are present.

The results suggest that both the value of the plasma β
and the type of solar wind (fast vs. slow) have implications
for the three-dimensional structure of the turbulence and the
level of the anisotropy in both the compressible and incom-
pressible components. The presence of the parallel compo-
nent in the fast wind reduces the value of the anisotropy in-
dex for the fast intervals in the incompressible component,
while the anisotropy of the compressible magnetic compo-
nents is larger in some cases due to the lack of this parallel
component. The anisotropy of the vector magnetic field also
decreases as a function of plasma β as do the fluctuations
in density, it increases with plasma β for the compressible
magnetic component.

Recent studies have found a tendency towards isotropy at
sub-ion scales (Kiyani et al., 2013; Lacombe et al., 2017;
Roberts et al., 2017a). Although the focus of this work is at
ion kinetic scales, future work should investigate the varia-
tion in the anisotropy with scale. This is possible from scales
of 10 000 down to 100 km with Cluster and down to smaller
scales of the order of 10 km with the Magnetospheric Mul-
tiscale (MMS) mission and will be the subject of a future
work.

3.2 One-dimensional spectra

In Fig. 3, the two-dimensional spectra presented in Fig. 1 are
integrated along one direction to produce a 1-D spectrum in
wave-number space for the parallel and perpendicular direc-
tions, the power is then divided by the wave vector and nor-
malised to the variance assuming the ergodicity of the signal.
The spectra are fitted individually with two power laws. The
blue bar denotes the 95 % confidence interval (Jenkins and
Watts, 1969). The spectra for the density are given in pan-
els (a, d, f, i), the magnitudes of magnetic field are given in
panels (b, d, g, j) and finally total magnetic field are given in
panels (c, e, h, k). It can be seen that the fluctuations along
the magnetic field direction k‖ are steeper than in the k⊥ di-
rection as is expected from critical balance (Goldreich and
Sridhar, 1995) or alternatively by a non-elliptic wave-vector
anisotropy (Narita, 2015). By assuming the wave vector is
along vsw, then for different orientations of B0 with respect
to the bulk flow will give different 1-D snapshots through the
plasma. Several studies have investigated the anisotropy of
the spectral index in this way (Horbury et al., 2008; Podesta,
2009; Wicks et al., 2010; Forman et al., 2011), and give scal-
ings compatible with either critical balance or the non-elliptic
model (Narita, 2015). However, these studies analyse differ-
ent intervals of solar wind which are classified by their geom-
etry. Here through the multi-spacecraft capabilities of Clus-
ter, we are able to present parallel and perpendicular spectra
simultaneously for the same time interval (e.g. Roberts et al.,
2017c).
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Figure 3. 1-D integrations of the two-dimensional spectra presented in Fig. 1, the labels correspond to the same spectra. Power laws are fitted
to the spectra at the scales where the lines are present, the spectral index for the power law fits are given for the parallel and the perpendicular
components. The 95 % confidence level is also presented.

The perpendicular magnetic field at inertial range scales
with a Kolmogorov power law of −5/3, or an Iroshnikov–
Kraichnan scaling of −3/2 and a parallel scaling related to
the perpendicular one by the relation k‖ ∝ k

2/3
⊥

. This gives
a steeper power law of −2 in the parallel direction when
the perpendicular scaling is −5/3. At smaller proton ki-
netic range scales a kinetic Alfvén, or a magnetosonic wave
cascade would be expected to have a scaling of −7/3 in
the perpendicular direction and −5 in the parallel direction
based on two fluid MHD (Chen et al., 2010b). Meanwhile, a

critically balanced kinetic magnetosonic cascade gives scal-
ings of −11/3 and −9 (Narita, 2016). However, a scaling
of −8/3 is the most commonly observed, e.g. Alexandrova
et al. (2012). The departure from the expectation for a crit-
ically balanced scaling of −7/3 to the often observed spec-
tral index of −8/3 has been explained by the presence of in-
termittency (Boldyrev, 2006) or Landau damping of KAWs
(Howes et al., 2008).

For the density spectra, similar power laws are often ob-
served to have a Kolmogorov-like inertial range followed by
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a flattening in the spectra between inertial and kinetic ranges,
which is sensitive to the value of the plasma β (e.g. Chen
et al., 2012b; Chandran et al., 2009).

The total magnetic fluctuations perpendicular slopes show
similar scalings at inertial range and kinetic range scales in
line with previous studies of the trace magnetic fluctuations
(Smith et al., 2006; Alexandrova et al., 2012) apart from one
interval which is flatter (Fig. 3i). Spectral slopes for almost
all components show that at inertial scales, the parallel spec-
trum is steeper than the perpendicular spectrum and the break
occurs earlier in the parallel direction than the perpendicular
direction. The compressible magnetic and density fluctuation
typically show flatter spectra than the incompressible fluctua-
tions giving a spectral index near−1 before steepening. This
may be due to the transition range between inertial and ki-
netic scales as the steepest density spectra is the one with the
highest β, which would be the least affected.

The orange and green arrows denote the 1/ρi (inverse Lar-
mor radius) and 1/di (inverse inertial length), respectively,
and the black arrow denotes their sum 1/(ρi + di). There is
a weak tendency that the spectral break between the inertial
range and proton kinetic scales appears closer to the largest
of these scales in accordance with Chen et al. (2014) who
used the Taylor-shifted proton characteristic scales to relate
the power spectra in the spacecraft frequency to the length
scales. This tendency was also seen in numerically simu-
lated data (Franci et al., 2016). Although the plasma β values
are much less extreme than the cases reported in Chen et al.
(2014), we demonstrate that such a study is currently possible
in the wave-vector domain with multi-point measurements.
However, the break in the parallel component is closer to the
combined inertial and gyro scales suggesting that cyclotron
damping may be important (Roberts and Li, 2015; Woodham
et al., 2018).

The spectra for all components are shown to be steeper
in the parallel direction and the break scale for the different
directions is at a different location with the parallel break be-
ing at larger scale than the perpendicular direction. A rough
agreement is found for some intervals with the spectral in-
dices expected for critical balance at fluid scales for the in-
compressible components (e.g. Fig. 3l); however, at kinetic
scales the slopes in the parallel direction are too shallow. This
could be due to a number of reasons: (1) that the critical bal-
ance hypothesis is not valid for kinetic scales, (2) that the
fluctuation amplitudes are small, (3) in avoiding connection
to the foreshock and selecting intervals where θBV > 60◦

gives a projection effect (e.g. Roberts et al., 2015), and
(4) that the use of a global magnetic field makes resolving
the parallel component more difficult especially at smaller
scales.

4 Conclusion

In this paper we have sought to investigate the morphology
and the shape of incompressible and compressible turbulence
in the solar wind with multi-point measurements as well as
the one-dimensional spectra as a function of wave number. It
is clear that density and compressible magnetic field fluctu-
ations display the same power anisotropy as the incompress-
ible magnetic field with the power being elongated in the per-
pendicular direction. However, in accordance with previous
studies we see that the value of plasma β plays a role in shap-
ing the morphology of the fluctuations with smaller values
leading to larger anisotropies (Comişel et al., 2014).

The anisotropy is also shown to be different in the fast and
slow wind, where extensions in power are seen in the k‖ di-
rection which in turn lower the value of the anisotropy index.
The compressible components’ behaviour is more complex
and seems very sensitive to the wind type and weakly sensi-
tive to β. In the fast wind, the compressible magnetic com-
ponents are the most anisotropic, and the density is the least
anisotropic; however, in the slow wind the relative anisotropy
of different components varies for the two intervals surveyed.
We hypothesise that the observed anisotropies due to β de-
pendence may be partially explained by the properties of
some linear wave solutions. The presence of kinetic slow
waves can give a reduction or an increase in anisotropy de-
pending on the value of β. In the high β case, they could lead
to an increase in the anisotropy as they are heavily damped;
however, in the low β case, where damping is not as se-
vere, they could propagate at oblique angles decreasing the
anisotropy. Further study with a larger number of intervals or
with a direct measurement of the density (which is possible
with MMS) may give some further insights.

The multiple spacecraft of Cluster also allow a simulta-
neous measurement of the spectral index in the parallel and
perpendicular directions, and revealed that the spectral index
is steeper in the parallel direction for the total magnetic field,
the magnitude of the magnetic field and the density in some
cases; the spectra of the vector magnetic field are approxi-
mately consistent with the predictions of a critically balanced
cascade at fluid scales. However, at kinetic scales the agree-
ment is weaker.

To conclude, we have shown that the anisotropy is a func-
tion of the plasma β, the solar wind type and is also likely
to vary with the scale also. Further work should explore the
influence of scale with MMS and also study a large number
of intervals at high and low solar wind speeds and plasma β.

Data availability. All Cluster data are obtained from the ESA Clus-
ter Science Archive: http://www.cosmos.esa.int/web/csa (last ac-
cess: 22 March 2018).
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