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Abstract. Ultra-low-frequency (ULF) pulsations are critical
in radial diffusion processes of energetic particles, and the
power spectral density (PSD) of these fluctuations is an inte-
gral part of the radial diffusion coefficients and of assimila-
tive models of the radiation belts. Using simultaneous mea-
surements from two Geostationary Operational Environmen-
tal Satellites (GOES) geosynchronous satellites, three satel-
lites of the Time History of Events and Macroscale Interac-
tions during Substorms (THEMIS) spacecraft constellation
and the two Van Allen probes during a 10-day period of in-
tense geomagnetic activity and ULF pulsations of October
2012, we calculate the PSDs of ULF pulsations at differ-
ent L shells. By following the time history of measurements
at different L it is shown that, during this time, ULF wave
power is not enhanced uniformly throughout the magneto-
sphere but instead is mostly enhanced in the outer L shells,
close to the magnetopause, and to a lesser extent in the inner
magnetosphere, closer to the plasmapause. Furthermore, by
using phase differences between two GOES geosynchronous
satellite pairs, we estimate the daily-averaged distribution of
power at different azimuthal wave numbers. These results
can have significant implications in better defining the effect
of radial diffusion in the phase space density of energetic par-
ticles for different wave numbers or L shell distributions of
ULF power.

Keywords. Magnetospheric physics (energetic particles
trapped; magnetospheric configuration and dynamics; storms
and substorms)

1 Introduction

Ultra-low-frequency (ULF) fluctuations in the Earth’s mag-
netosphere have frequencies in the millihertz (mHz) range,
within the drift frequency of energetic particles in the mag-
netosphere. For example, particles of energies 0.5, 1.0 and
5.0 MeV have drift frequencies ∼ 1.0, 1.7 and 7.0 mHz, re-
spectively, at geosynchronous orbit. As such, they have long
been considered to play a key role in the acceleration of en-
ergetic particles through radial diffusion (Schulz and Lanze-
rotti, 1974; Brautigam and Albert, 2000; Li and Temerin,
2001). Radial diffusion is a process that violates the third
adiabatic invariant of energetic particles through fluctuations
and stochastic variations in the magnetic and electric fields
in the magnetosphere, while conserving the first adiabatic in-
variant; thus the radial transport during a diffusive process
results in the gain of energy for particles that diffuse in-
wards and the loss of energy for particles that diffuse out-
wards (Barker et al., 2005; Ukhorskiy et al., 2005; Elkington
2006; Degeling et al., 2008).

In radial diffusion models, the effects of ULF waves are
described by the diffusion coefficient, DLL, which is sep-
arated into the electrostatic and the electromagnetic diffu-
sion coefficient, DE

LL and DM
LL, respectively. Several stud-

ies have provided estimates of the diffusion coefficients:
Brautigam and Albert (2000) provided an analytic expres-
sion for DE

LL by assuming the electric field amplitude to be a
linear function of Kp, whereas for DM

LL they derived an ana-
lytic formula based on a combination of ground magnetome-
ter measurements mapping to L= 4 and spacecraft measure-
ments at geosynchronous orbit. Brautigam et al. (2005) used
CRESS electric field measurements to provide an analytic
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expression for DE
LL depending on Kp and L; Brautigam et

al. (2005) showed that the electromagnetic diffusion coeffi-
cient by Brautigam and Albert (2000) is dominant over their
corresponding electrostatic component. Ozeke et al. (2012)
obtained an analytic expression for DE

LL by using ground
magnetic field measurements at different L shells which
they mapped to the equatorial plane. They also obtained ex-
pressions for DM

LL, using long-term Geostationary Opera-
tional Environmental Satellites (GOES) magnetic field mea-
surements complemented by Active Magnetospheric Parti-
cle Tracer Explorers (AMPTE) measurements and showed
that it is the electric field diffusion coefficient which dom-
inates over the magnetic field diffusion coefficient across
all L shells spanning the outer radiation belt. Ozeke et
al. (2014) presented simpler analytic expressions for ULF
wave-derived radiation belt radial diffusion coefficients, as
a function of L and Kp, which can easily be incorporated
into global radiation belt transport models. They showed that
the overall electric and magnetic diffusion coefficients are to
a good approximation both independent of energy. Recently,
Liu et al. (2016) used 7 years of Time History of Events and
Macroscale Interactions during Substorms (THEMIS) elec-
tric field measurements to derive the diffusion coefficient due
to electric field fluctuations and found significant differences
between their model and the one by Ozeke et al. (2014);
namely, they found a smaller Kp dependence and also an
energy dependence, which is not included in the Ozeke et
al. (2014) model.

In the following we focus on the radial diffusion effects of
the compressional magnetic field component of ULF waves.
The diffusion coefficient in this case is described by the fol-
lowing formulation:

D
B,Sym
LL =

µ2

8q2B2
ER

4
E

L4

γ 2

∑
m

m2PBm (mωd), (1)

where µ, q, γ and ωd are the adiabatic invariant, charge, rel-
ativistic correction factor and drift frequency, respectively, of
the particles under consideration; BE is the Earth’s magnetic
field at the Earth surface; m is the azimuthal wave number;
and PBm is the wave power spectral density (PSD) at m times
the particle drift frequency (Fei et al., 2006). In this expres-
sion marked in the shaded box are the parameters that are
dependent on the ULF waves. Through this expression, the
diffusion coefficient can be expressed as a function ofL. This
overcomes the need to estimate ULF wave power as a func-
tion of local time (azimuthal distribution) and only requires
wave power to be evaluated as a function of L shell on the
equatorial plane (radial distribution).

In the following, we present an overview of some of the
studies that have shown a dependence of ULF wave power
on L and of solar wind activity: it is known that there is
a strong correlation between solar activity and ULF wave
power (Engebretson et al., 1998), with the highest correla-
tions occurring in the declining phase of the solar cycle when

the radiation belts are most intense (Mann et al., 2004; Li
et al., 2011). In particular, a number of studies have iden-
tified the solar wind as a key external source of ULF wave
power (e.g., Mathie and Mann, 2001). Solar wind control of
ULF waves has also been demonstrated by, e.g., Takahashi
and Ukhorskiy (2007) using data from geosynchronous or-
bit. Mathie and Mann (2001) reported that ULF wave power
increases with increasing L shell and is typically an order
of magnitude higher at L= 6.6 than at L= 4. They also
demonstrated an exponential decay of 1–10 mHz Pc5 wave
power with decreasing L shell, the decay rate increasing
with solar wind speed, thus indicating a stronger dependence
of pulsation power on solar wind speed at higher L shells
in the range L= 3.75–6.79. Rae et al. (2012) extended the
L shell range in the study of Mathie and Mann (2001) to both
lower and higher values and found that the ULF wave power
continues to decrease toward lower L shells, but at higher
L shells (L∼ 8) the ULF powers also begin to decrease.
Ozeke et al. (2014) used statistical GOES and THEMIS mea-
surements to derive an analytic expression for power vs.
L for various geomagnetic activity levels, which can easily
be incorporated into global radiation belt models. Recently,
Dimitrakoudis et al. (2015) found that Kp is the best single
parameter to specify the statistical ULF wave power driving
radial diffusion. Moreover, two-parameter ULF wave power
specifications using Dst as well as Kp provide a better sta-
tistical representation of storm-time radial diffusion than any
single variable alone.

In this study we show results of compressional magnetic
field PSD during a high-speed stream event, using measure-
ments from the Van Allen probes, the THEMIS satellite con-
stellation and GOES geosynchronous satellites. Furthermore,
we use GOES geosynchronous measurements to estimate the
distribution of power in the various wave numbers.

2 Case study: storm of 8 October 2012

Three consecutive geomagnetic storms occurred in the first
half of October 2012: on 1, 8 and 13 October. The first
storm, as observed by the Van Allen probes and reported
by Baker et al. (2013), depleted the outer electron belt, and
electron fluxes remained low and constant until the second
storm. During the second storm, and in particular after 9 Oc-
tober 2012, the two RBSP satellites measured an intense rel-
ativistic electron enhancement event: electrons at all ener-
gies became enhanced, with lower-energy electrons being
enhanced earlier and penetrating further inward (Li et al.,
2013). During the same event, the development of peaks
in electron phase space density were observed (Reeves et
al., 2013), which are considered evidence for local elec-
tron acceleration in the heart of the outer radiation belt. The
third storm was characterized by a moderate drop of Dst to
−90 nT, on 13 October. The interval under study in this paper
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is the period from 7 to 11 October, which covers all phases
of the second of the October 2012 storms.

3 Measurements and methodology

The Van Allen Probes mission (Mauk et al., 2012), initially
named the Radiation Belt Storm Probes (RBSP) mission,
was launched on 30 August 2012 and consists of two identi-
cal satellites, hereafter termed probes RBSP-A and RBSP-B,
which orbit the Earth with an apogee of ∼ 5.7RE, an incli-
nation of 10◦, periods of 9 h and an orbital precession rate
of ∼ 200◦ yr−1. In this study, measurements from the Elec-
tric and Magnetic Field Instrument Suite and Integrated Sci-
ence (EMFISIS) are used. EMFISIS provides measurements
of DC magnetic fields and a comprehensive set of wave elec-
tric and magnetic fields (Kletzing et al., 2013).

The THEMIS mission (Angelopoulos, 2008) originally
consisted of five nearly identical satellites, hereafter termed
probes TH-A through TH-E, which orbited the magneto-
sphere at different apogee; during the time of interest of this
study, three of the satellites remain in the magnetosphere,
while two have been moved into orbit near the Moon. The
three remaining satellites are probes TH-A, TH-D and TH-E,
orbiting at nearly identical orbits around Earth with apogees
of 11.7RE, orbital periods of 1 day, inclinations ranging from
1 to 8◦ and an orbital precession rate of ∼ 330◦ yr−1.

The Geostationary Operational Environmental Satellites
provide continuous monitoring from a geosynchronous or-
bit. Most commonly there is one satellite over the east coast
of the US at longitude 75◦W (GOES-13 on October 2012)
and one over the west coast at longitude 135◦W (GOES-15);
however during this period there are measurements available
from a third satellite at longitude 100◦W (GOES-14), which
was in on-orbit storage and on its way to an ultimate longi-
tude of 75◦W, moving east at a rate of 0.9◦ per day. GOES
satellite magnetic field measurements are available from the
three-axis fluxgate magnetometers, which provide the mag-
netic field at a sampling period of 0.512 s.

Magnetic field measurements from all the above platforms
are rotated into a mean-field-aligned (MFA) coordinate sys-
tem, which allows the magnetic field oscillations to be deter-
mined as toroidal (azimuthal), poloidal (radial) or compres-
sional (parallel).

4 Calculations of ULF wave power vs. L shell

We use simultaneous measurements of broadband ULF
waves by the above measurement platforms (two Van Allen
probes, three THEMIS and three GOES satellites) in order
to reconstruct the L dependence of ULF power spectral den-
sity in the radiation belts. The goal is to provide an estimate
of the L dependence of geomagnetic ULF waves in a format
that can be used in estimates of radial diffusion at different
phases of the storm.

Figure 1. (a) Dst index from 7 to 12 October 2012 and (b) sample
L shell coverage of the Van Allen probes A and B (red and green
lines, respectively) and the THEMIS probes A, D and E (purple,
light blue and blue, respectively).

In Fig. 1 we show the L shell of the Van Allen probes A
and B (red and green lines, respectively), and of the THEMIS
probes A, D and E (purple, light blue and blue, respec-
tively). As an example, in the same plot we show sample
time bins (vertical blue lines) and L shell bins (horizontal
blue lines). Within any given time bin all the above satellites
provide magnetic field measurements, together with GOES
at geosynchronous orbit. The length of each time bin is the
shortest possible that can provide ULF measurements in the
Pc5 and Pc4 range with sufficient accuracy. A time bin of
1200 s was selected in this study. Similarly, the width of
L shell bins was selected so that, for the given time bin
length, the satellites cross a minimum number of different
L shells. An L shell bin of 0.25 was selected in this study.

Subsequently, after performing coordinate transformations
from GSM coordinates to the mean-field-aligned coordinate
system, we calculated the dynamic PSDs (power spectral
densities as a function of time), which were subsequently av-
eraged within each time bin. The corresponding L shell is the
average L of each s/c within each time bin.

The results are plotted in Fig. 2, where the power spectral
density is plotted in color in a frequency-vs.-L plot, from 2 to
35 mHz and L= 4 to 12.5, for 8 October 2012, 00:00 UT. In
the first panel the instantaneous power is shown at the six lo-
cations of the spacecraft whose magnetic field measurements
are used in this study; spacecraft names are written on the
top of the panel, and arrows under the names indicate the
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Figure 2. (a) Power Spectral Density is shown in color in a
frequency-vs.-L plot, for 8 October 2012, 00:00 UT, at the six lo-
cations of the spacecraft whose magnetic field measurements are
used in this study; spacecraft names are written on the top of the
panel, and arrows under the names indicate the spacecraft direction
of motion (inbound or outbound). (b) Similar to the top panel, for
12:35 UT; PSDs outside the locations of the satellite at that time in-
dicate the last available measurement (or “memory” of the PSD) at
each location. (c) Based on the individual measurements made at
the satellite locations in (b), an interpolation is performed to tie the
measurements into a concise picture for the entire magnetosphere.
(d) Same as (a) and (b) but for 21:35, during the recovery phase of
the storm.

spacecraft direction of motion (inbound or outbound). In the
second panel, the PSDs outside the locations of the satellites
at the particular time indicate the last available measurement
(or “memory” of the PSD) at each location. The lower panel
is similar to the middle panel, but for 21:35, during the recov-
ery phase of the storm. The comparisson between the second
and fourth panels shows the dynamic change of ULF wave
activity, while it can also be seen that an overview of the ULF
wave power of compressional magnetic field across different
L in the magnetosphere can be obtained on an event-based
approach, enabled by the wealth of information from the
large number of measurement points. When applying ULF
wave power in radial diffusion coefficients to investigate the
effects that would be experienced by radiation belt particles,
this has the advantage that the actual wave power can be used,
whereas, when obtaining the L dependence through statisti-
cal studies, the data sets used and the parameter over which
the binning occurs are important and might considerably af-
fect the resulting ULF wave power.

5 Calculations of power vs. azimuthal wave number m

In the following we use cross-spectral and cross-phase cal-
culations between the time series of magnetic field measure-
ments from azimuthally aligned satellites to get the fraction
of total power in each wave number. The theoretical back-
ground for this technique has been discussed in greater detail
in Sarris (2014). There it was described that, for example,
between two measurement points that are separated in az-
imuth by 1ϕ, a wave number m= 0 in the magnetosphere
(corresponding to global oscillations) would be measured at
the two points with 0◦phase difference. Also, pulsations of
m= 1 (hemispheric oscillations) would appear to have a 2π
modulation around the Earth and would thus appear to have
a 1ϕ phase difference between the two points. Similarly,
m= 2 pulsations would have a 4π variation across all local
times and would appear to have a phase difference of 2×1ϕ
between the two magnetometers; e.g., m= 3 would corre-
spond to 3×1ϕ. Two magnetometers on board two satellites
separated in azimuth by1ϕ in the above example would thus
be able to detect wave numbers up to 2π/1ϕ, by classifying
the detected phase differences between the observed oscilla-
tions in bins of width1ϕ. As described in Sarris (2014), this
technique is entwined with uncertainties – such as, among
others, the 2π ambiguity, local time vs. temporal variations,
etc. – but can provide a much better estimate of the power
per wave number than current assumptions, which attribute
all power to a single wave number, in lack of better estimates.

For the calculation of phase differences between the two
time series as a function of time and at all frequencies a cross-
wavelet transform (XWT) technique is used (e.g., Grinsted
et al., 2004; Sarris et al., 2013; Sarris, 2014). The results of
this calculation are wavelet and cross-wavelet power spectral
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Figure 3. (a) Dst activity index; (b) calculations of the power per wave number using cross-spectrogram calculations between GOES-13
and GOES-15, at an azimuthal separation of ∼ 60◦, as a function of time, from 12 to 17 October 2012; (c) fraction of power in one of the
azimuthal wave numbers m= 1 to 5 over total power in a time bin.

Figure 4. Calculations of the power per wave number using cross-spectrogram calculations between GOES-14 and GOES-15, at an azimuthal
separation of ∼ 30◦; the fractions of power in one of the wave numbers m= 1 to 5 over total power in a time bin is given.

density (XWT-PSD) in units of nT2 Hz−1 and also the calcu-
lated phase difference as a function of frequency and time.

For the period in October 2012 we use phase difference
calculations between the magnetometer measurements of
GOES-13 and GOES-15 geosynchronous spacecraft, here-
after referred to as G13 and G15, which are azimuthally sep-
arated by ∼ 60◦ during both events. The GOES satellites
provide continuous monitoring from a geosynchronous orbit,
with one satellite over the east coast of the US at longitude
75◦W (GOES-13 in the two selected periods) and one over
the west coast at longitude 135◦W (GOES-15).

In the lower panel of Fig. 3 a moving average of the cal-
culated m is plotted; a sample window of 1 day was used
for the moving average. This is due to the fact that the in-
stantaneous calculation that can be provided through the pair
of GOES spacecraft would estimate power over m locally, at
the instantaneous local time of the s/c; however, in order to
provide a partitioning of ULF wave power in m that can be
used in estimates of the diffusion coefficient, the effects of
ULF waves at a particular wave number need to be provided
over all local times, instead of part of the particles’ drift orbit
around the Earth. We also note that megaelectronvolt elec-
trons circulate the Earth in a fraction of a day, and so at each

point of their orbit they interact with the local, instantaneous
fields and wave number. Whether the averaged m number
can be used effectively in radial diffusion estimates instead
of the localized and instantaneous m, and for which particle
energies, needs to be resolved through particle-tracing simu-
lations.

In the above calculation a critical assumption is used,
namely that there is no spatial aliasing when calculating the
phase differences of the waves between the two satellites.
Thus, under this assumption, a 60◦ separation can lead to the
estimate of azimuthal wave numbers up to m= 6 (following
the argument that m= 360◦/60◦). However this calculation
is not unambiguous, as it also contains the assumption that
the wave numbers being observed are not multiples of 2π , in
which case the azimuthal wave number could be m, m+ 2π ,
m+ 4π , etc., irrespective of how far apart the satellites are.
In order to resolve this ambiguity, measurements at different
azimuthal separations are needed, such as described in Sarris
et al. (2013).

During the same time period under investigation, mea-
surements from another geosynchronous satellite, GOES-14,
were available. In order to identify if there are waves of a
multiple of 2π , we have added calculations from the pair
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GOES-14 and GOES-15, which had approximately half the
azimuthal separation. The results are shown in the Fig. 4. The
fact that the fraction of power in each wave number is ap-
proximately the same for half the azimuthal separation pro-
vides an indication that the above assumption, which states
the phase differences that are observed correspond to the
lowest wave numbers, is valid and that indeed power in a
wave number m dominates over power at m+ 2π , m+ 4π ,
etc., minimizing the ambiguity of the results, at least in this
case.

According to the technique used above, the azimuthal
separation of ∼ 60◦ between GOES-13 and GOES-15 al-
lows for the calculation of wave numbers up to m= 6.
However we note that the power which this technique at-
tributes to the higher wave numbers that can be calculated
(m= 6 in this case) could be spatially aliased from other
modes, as discussed in the technique outlined by Chisham
and Mann (1999). We also note that the trend of the distri-
bution of power from m= 1 to progressively larger m also
includes critical information that can be used as an indicator
for aliasing, which would arise from the existence of larger
amounts of ULF wave power in wave numbers higher than
what can be calculated. In particular, we note that power is
monotonically decreasing from m= 1 to m= 6, with wave
number m= 6 getting, on average, less than 5 % of the to-
tal power; we thus consider this aliasing to be insignificant.
We do note, however, that an investigation of other periods
beyond this event (not shown here) do show power in the
last wave number, m= 6, exceeding power in m= 4 and 5,
which could be an indication of enhanced power at higher
wave numbers that can not be calculated due to the separation
between the spacecraft; this could be used as an indication of
the limitations of this methodology.

6 Discussion

The L dependence of ULF wave power and also the distri-
bution of power in each of the azimuthal wave numbers m
of ULF waves in the magnetosphere are integral parts of the
characterization of the waves and are essential in the calcu-
lation of the rates of diffusion of energetic electrons and pro-
tons in the magnetosphere, as electrons and protons of drift
frequency ωd have been shown to resonantly interact with
ULF waves of frequency ω =mωd. However, often in simu-
lations of radial diffusion a simplifying assumption is made,
namely that all ULF wave power can be attributed to waves of
a single azimuthal wave number. In this study we show that a
combination of spacecraft across different L shell at a partic-
ular time can give an indication of the L dependence during
this time. Furthermore, the distribution of spacecraft across
different local times can help provide an estimate of the dis-
tribution of power across different wave numbers. These re-
sults need to be further investigated through statistical stud-
ies, and empirical relationships need to be derived that can

be used in models of radial diffusion in the radiation belts. A
detailed statistical study involving GOES s/c at closer dis-
tances would reveal the conditions for a monotonic decrease
in ULF wave power with increasing m to be observed, com-
pared to cases when aliasing is observed, which would pos-
sibly also indicate the distribution of power to higher wave
numbers. This information will lead to better understanding
of the structure and propagation of ULF waves at different lo-
cal times, as well as to a more accurate calculation of the dif-
fusion rates that also takes into account a realistic azimuthal
structure of broadband ULF waves.

Data availability

Data used in the above analyses are available at: http://
cdaweb.gsfc.nasa.gov/istp_public/ (Coordinated Data Anal-
ysis Web, CDAWeb).
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