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linear dynamics of low-frequency IGWs, we use conservation equation of momentum
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Fig. 1. The normalized minimum speed of vortices (vmin /cS ) as a
function of the dimensionless parameter H /LT .

is greater than zero. Here, g is the gravitational acceleration,
d/dz is the derivative in height, γ is the ratio of specific
heats, H is the local scale of height of the atmosphere and T
is an unperturbed temperature. Usually in the earth’s atmosphere ωg2 is positive. But, due to time dependence of temperature gradient it may be negative in some layers. In the
regions where the temperature decreases with height and the
square of height-averaged Brunt–Väisälä frequency is negative, the powerful vertical convective transport occurs. The
condition ωg2 < 0 corresponds to the absolute instability of
IGWs; i.e. frequencies of waves are imaginary.
Nonlinear IGWs in the atmosphere with a finite temperature gradient were investigated previously by Jovanović et al.
(2001, 2002). Authors have shown that many different types
of vortex structures can exist in the atmosphere layers where
the condition (d 2 ρ0 /dz2 )1/2  dρ0 /dz is satisfied. Here, ρ0
is the unperturbed density.
In this paper we present a new theoretical study of the
nonlinear vortex structures (i.e. convective cells) of IGWs in
the earth’s atmosphere layers where density and temperature
vary in height according to the exponential law. The vertical temperature gradient is taken into account, and the vortex
structures have been studied not only in the stably stratified
atmosphere, but also in the case of unstable stratified atmosphere. The paper is structured as follows. In Sect. 2 we derive the close system of the nonlinear equations for IGWs.
Section 3 is devoted to the stationary vortex solutions and
criteria for existence of such structures. Our discussion and
conclusions are found in Sect. 4.
2

The reduced equations for the finite amplitude IGWs

In the current study we neglect the influence of dissipative
processes, e.g. viscosity, thermal conductivity, heat flow from
outside, friction, etc. We begin with the hydrodynamic equations in the local Cartesian coordinate system (x, y, z), where
the axis z coincides with the vertical. To investigate the nonAnn. Geophys., 31, 459–462, 2013

(3)

Here θ = p1/γ /ρ is the potential temperature; ρ and p are
the density and pressure, respectively; d/dt = ∂/∂t + u · ∇
is the Euler (convective) time derivative; u is the velocity
of matter; g = −g ẑ is the gravity acceleration and ẑ is the
unit vector of the local Cartesian coordinate system (x, y, z)
which is directed along the vertical. To describe the twodimensional motion in the gravitational waves, assume that
u = (u, 0, w), where u = −∂ψ/∂z and w = ∂ψ/∂x. Here,
ψ (t, x, z) is the stream function.
Assuming a weak perturbation, the density ρ and pressure p can be written as follows: ρ = ρ0 (z) + ρ̃ (t, x, z),
p = p0 (z) + p̃ (t, x, z), where ρ0 and p0 are the unperturbed
density and pressure, with ρ̃ and p̃ the corresponding disturbances, |ρ̃|  ρ0 and |p̃|  p0 . As a result, from Eqs. (2) and
(3) one obtains a system of two nonlinearly coupled equations:




∂
dln (ρ0 ) dψ
∇ 2ψ +
+ J ψ, ∇ 2 ψ
∂t
dz
dz
1
∂χ
(4)
+ 2 J (ρ̃, p̃)
=−
∂x ρ0
and
∂χ
∂ψ
− ωg2
+ {ψ, ρ̃} = 0.
∂t
∂x

(5)

Here J (a, b) = (∂a/∂x) ∂b/∂z − (∂a/∂z) ∂b/∂x is the Jacobian, ∇ 2 = ∂ 2 /∂x 2 + ∂ 2 /∂z2 , and χ = g ρ̃/ρ0 is the normalized density perturbation. In an unperturbed atmosphere the pressure decreases exponentially with height;
i.e. p0 (z − z0 ) = p0 (z0 ) exp [− (z − z0 ) /H ], where H =
cS2 /γ g is the scale height, and cS = (γp0 /ρ0 )1/2 is the
speed of sound. Next, let us define the unperturbed
temperature as a function of height as T (z − z0 ) =
T (z0 ) exp [− (z − z0 ) /LT ], where LT is the characteristic
scale of the vertical temperature gradient. Note that, in the
layers of the atmosphere where the temperature decreases
with height, LT > 0; in an inversion layer, LT < 0. According to the ideal gas law, i.e. p/ρT = constant, we obtain the
expression for the unperturbed density,


ρ0 (z − z0 ) = ρ0 (z0 ) exp − (z − z0 ) /Lρ ,
and the relation between the characteristic scale of the vertical density gradient (Lρ ), the scale height (H ) and the characteristic scale of the vertical temperature gradient (LT ):
1/Lρ = 1/H − 1/LT .
www.ann-geophys.net/31/459/2013/
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Fig. 2. The normalized horizontal speed of vortex (v/cS ) as a function of the dimensionless parameter H /L and H /LT . The vortex speeds
have been plotted by assuming the applicable parameters for the stable and unstable stratified atmospheres (see the left and right panels,
respectively).

Next,
by using
the substitution  ψ = ψ̂ (t, x, z)



exp (z − z0 ) /2Lρ , and χ = χ̂ (t, x, z) exp (z − z0 ) /2Lρ ,
Eqs. (4) and (5) can be represented in the form
!


∂
∂ χ̂
ψ̂
2
∇ ψ̂ − 2 + J ψ̂, ∇ 2 ψ̂ = − ,
(6)
∂t
∂x
4Lρ
and


∂ χ̂
∂ ψ̂
− ωg2
+ J ψ̂, ρ̂ = 0.
∂t
∂x

(7)

This closed system of Eqs. (6) and (7) can be used for
numerical simulations of the nonlinear dynamics of IGWs
in the earth’s atmosphere with a finite vertical temperature
gradient. In the limit of an isothermal atmosphere, i.e. if
LT  H , the system of Eqs. (6) and (7) coincides with
the system of equations studied previously by Horton et al.
(2008); Onishchenko and Pokhotelov (2012); Kaladze and
Tsamalashvili (1997). From Eqs. (4) and (5) follows the law
of conservation of wave energy ∂E/∂t = 0, where
"
#
Z
ψ2
1
χ2
2
E=
ρ0 (∇ψ) + 2 + 2 dxdz.
(8)
2
4Lρ ωg

where J1 (a, b) = (∂a/∂η) ∂b/∂z − (∂a/∂z) ∂b/∂η and
3=

ωg2
1
−
.
4L2ρ
v2

(10)

A similar equation has been studied analytically and numerically; see e.g. Onishchenko et al. (2008) and references
therein. It has been shown that the solution of Eq. (9) can be
found in the form of dipole vortices. In the outer region of
the vortex condition,
∇ 2 ψ̂ − 3ψ̂ = 0

(11)

is satisfied. Solitary vortices in the atmosphere with a finite
vertical temperature gradient exist if 3 > 0. From Eq. (10)
one can obtain the relation that connects the characteristic
scale of the vortex (convective cell) L = 3−1/2 with the typical atmospheric parameters scales LT , H and the horizontal
velocity of the vortex v:
H
1
=
L
2

"


#1/2
H 2 4cS2 γ − 1
H
1−
− 2
−
.
LT
γ
LT
γv

(12)

Equation (8) shows that, in the case of an unstable stratified
atmosphere, the energy can be negative.

The right term of Eq. (12) should be real. Therefore, in the
atmosphere layer with decreasing temperature, the vortex velocity should be limited from below. From here we obtain the
minimum possible value of the vortex velocity:

3

2
vmin

Convective cells

To find a stationary vortex solution in a coordinate system
that is moving with the velocity v along the x-axis, let us
introduce the new variable η = x − vt. Under this coordinate
transformation the system of the two Eqs. (6) and (7) can be
reduced to a single equation:


J1 ∇ 2 ψ̂ − 3ψ̂, ψ̂ − vz = 0,
(9)
www.ann-geophys.net/31/459/2013/

cS2

=

4
γ



γ −1
H
−
γ
LT


1−

H
LT

−2
.

(13)

Figure 1 and the left panel of Fig. 2 show dependence of the
vortex parameters vmin and v in a stable stratified atmosphere
with the effective value γ = 1.4 and H /LT < 0.28. In unstable stratified atmosphere layers when H /LT > 0.28, there
is no limit on horizontal velocity of vortices and the dependence of normalized vortex velocity on parameters H /LT
Ann. Geophys., 31, 459–462, 2013
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and H /L shown in the right panel of Fig. 2. One can see
from these figures that the vortex structures with spatial
scales L of the order of H can exist in the atmosphere with
H /LT > 0.28. The right panel of Fig. 2 shows that spatial
scale of the vortex structures can be smaller than H . With
the growth of the vortex scale, the vortex speed is growing.
4

Conclusions

In this paper we studied the vortex structure of IGWs in the
earth’s atmosphere with a finite vertical temperature gradient. The possibility of the vortices’ existence in the thermospheric layers, with the vertical temperature gradient of the
order of the dry adiabatic gradient, has been shown. The condition for the minimum velocity of vortices in such an atmosphere has been obtained. We have found that the horizontal
velocity of the vortices is significantly less than the speed
of sound. We have investigated IGW vortex structures in the
case of an unstable stratified atmosphere, i.e. for ωg2 < 0. It
is shown that in such atmospheric layers (i.e. in the thermosphere) there is no lower limit on the velocity of the vortices.
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