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Abstract. According to general relativistic theories, cosmo-
logical spacetime is dynamic. This prediction is in excel-
lent agreement with the huge majority of astronomical ob-
servations on large cosmic scales, especially the observations
of cosmological redshifts of distant galaxies. However, on
scales of heliospheric distances, verifications of general rel-
ativistic effects are based on Schwarzschild metric tests or
kinetical corrections, such as the perihelion motion of Mer-
cury, photon deflection at the Sun and gravitational photon
redshifts in central gravity fields. As we will show in this
paper, there is, however, a chance to detect new cosmologi-
cally relevant features on heliospheric scales by careful study
of photon propagations in the local spacetime metrics, based
on red- or blueshifts as a clear, but up to now overlooked,
signature of the local spacetime dynamics. Thus, we pro-
pose the challenging possibility of carrying out experiments
of cosmological relevance by simply using high-precision ra-
dio tracking of heliospheric spaceprobes, as already practised
in cases like Pioneer-10/11, Galileo and Ulysses.

Keywords. Interplanetary physics (General or miscella-
neous) – Radio science (Radio wave propagation; Space and
satellite communication)

1 Introduction

When radiotracking distant spaceprobes from Earth, one may
sooner or later ask the fundamental question, how the freely
propagating radiophotons used to trace these objects, as well
as the motion of these objects themselves, are affected by the
dynamical metrical properties of spacetime that they cross
on their geodetics. A partial answer to these questions is
found in measurements of the gravitational redshift of pho-
tons, which provides a fundamental test of Einstein’s general
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relativistic equivalence principle, and which is the basis of
all metric theories of gravity. According to this principle,
clocks or oscillators should work locally Lorentz-invariant
and position-invariant with respect to the gravitational po-
tential. Due to its fundamental relevance this expectation has
meanwhile been carefully tested by monitoring the frequency
of a radiosignal transmitted by a stable oscillator when it
moves in the gravitational field of a massive body like the
sun or the planets (seeWill , 1981; Anderson, 1989; Krisher,
1991). As reported byKrisher et al.(1990), the expected
gravitational redshifts due to the gravity field of Saturn were
registered at Voyager’s flyby at Saturn. Furthermore, as pub-
lished byKrisher et al.(1993), the predicted gravitational
redshifts in the gravity field of the sun could in fact be ver-
ified up to 1% accuracy by the Galileo redshift experiment.
Another test of the general relativistic perturbation of local
space is measuring the Lense-Thirring effect (seeLense and
Thirring, 1918), for which an experimental method has been
proposed byCiufolini (1986) and observationally carried out
by Bertotti et al.(1987) who analysed lunar-LASER-ranging
data to observe the geodetic lunar perigee precession and
found this precession velocity to be within an accuracy of
10% to the predicted value of 19.2 ms/year (Mueller et al.,
1991). However, observations of general relativistic space-
time perturbations are not restricted to astrophysical experi-
ments, as demonstrated byPound and Rebka(1959).

Despite an increasing number of successful general rela-
tivistic tests in the solar system, at least one unknown pa-
rameter remains in the model. Up to these days, no sat-
isfying connection exists between the global cosmological
Robertson-Walker metric describing the expanding universe
and gravitationally bound, inhomogeneous systems, such as
the solar system. This must provoke the question what kind
of frequency shift photons experience on intermediate scales,
i.e. scales small with respect to cosmic scales, but large
with respect to Schwarzschild scales associated with point-
like masses. Depending on the distance from the individual
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central masses where cosmological effects start to contribute,
it is quite possible that additional, previously unmodeled
frequency shifts emerge in the solar system. And even if
a (pseudo-)cosmological contribution to spacetime on these
scales would not exist, one would still obtain a dynamic
correction to the stationary Schwarzschild metric following
from the general relativisticN -body problem. As demon-
strated by several recent studies (see e.g.Fahr and Siew-
ert, 2006, 2007; Carrera and Giulini, 2006; Bertolami et al.,
2007, and references therein), any reasonable form of a gen-
eral relativistic description of local spacetime dynamics (i.e.
comparable to the galactic spacetime) does not conflict with
the classical, non-cosmological (or even non-relativistical)
motions of planets around the sun, leaving only freely prop-
agating (radio-)photons as a tool to measure the dynamical
effects of spacetime. If, on the other hand, one could prove
that cosmology already starts becoming important on scales
of a few AU, then the heliosphere would appear as an ideal
and unique cosmic laboratory to test local features of cosmic
spacetime by carrying out simple radiophoton communica-
tions in the heliosphere (see e.g.Masreliez, 2004; Rosales
and Sanchez-Gomez, 1999; Carrera and Giulini, 2006; Petry,
2005; Scholz, 2007; Fahr and Siewert, 2006, 2007; Bertolami
and Paramos, 2007) focusing on various sources of propa-
gational photon frequency shifts, such as direct rescaling of
the time intervals, recalibrations or dynamical rescaling ef-
fects. Considering the high complexity of the Einstein field
equations, any detailed analysis of such effects would be very
convoluted, and probably require numerical methods; for this
reason, we instead try to give an answer to this question in-
vestigating alternatives to presently available approaches by
introduction of a scale-dependent Robertson-Walker-like dy-
namic local scale functionL(t). We discuss general and
special solutions for the temporal evolution of such local
scale functions for different cosmic mass systems and iden-
tify one which for instance is able to explain the anomalous
radiofrequency blueshift observed in the radiotracking data
of the distant spacecrafts PIONEER-10 and -11 (seeAnder-
son et al., 1998, 2002). In the next section, we derive this
modified spacetime evolution on local scales.

2 A sketch of modified spacetime evolutions on local
scales

First of all, in this context, it is important to notice that the
average mass density in the universe is decreasing with the
scale of the volume from which this average is taken. For
instance, it falls off from the center of the solar system,
where the mass density is mostly determined by the solar
mass divided by volume, to the lowest level of the cosmic
mass density which presently is expected at a value of about
〈ρ〉L→∞ '10−31 g/cm3 when averaged over so-called cos-
mological length scales. Systems of gravitationally bound
masses with a total massM(L) thus have an average mass

densityρ(L) dependent on the time-dependent evolution of
the associated scaleL=L(t, M) of the boundary shell of this
mass system.

In the following, we describe the local spacetime con-
traction underlying the galactic structure formation process
which begins just after the recombination point of cosmic
matter att=trec. Immediately after this time, cosmic mat-
ter can begin to contract on some critical scalesLrec in the
perturbed gravitational fields of the local mass density per-
turbations toward the centers of these perturbed regions.

As we have shown elsewhere (Fahr and Siewert, 2008),
this suggests the use of the following differential equation to
describe the motion of a test mass just at the border of this
unstable region,

L̈(t) = −
GM

L2(t)
+ L(t)

R̈(t)

R(t)
, (1)

where the first term is the usual force term due to a “central
mass” ofM, while the second term is the geodetic acceler-
ation term derived byCooperstock et al.(1999) whereR(t)

is the scale of the universe and dots on top of the quantities
denote derivatives with respect to time.

The above second-order differential equation can be con-
verted into a first-order one of the following form (for details
seeFahr and Siewert, 2008)

L̇2
= −

2GM

Lrec
+

1

2

(
R̈

R
+

R̈rec

Rrec

)
L2

+ L̇2
rec. (2)

For the further analysis we use the fact that, in a matter-
dominated universe, the conventional Friedmann equations
lead to the well-known following relations (see e.g.Goen-
ner, 1997)

R(t) = Rrec

(
t

trec

)2/3

(3)

Ṙ(t) =
2

3

(
R(t)

trec

)(
t

trec

)−1

=
2

3

R(t)

t
(4)

R̈(t) = −
2

9

(
R(t)

t2
rec

)(
t

trec

)−2

= −
2

9

R(t)

t2
. (5)

Introduction of these relations then permits to derive from
Eq. (2) the following equation:(

L̇

L

)2

=
α

L3(t)
+

β(t)

L2(t)
+ γ (t), (6)

with the introduction of

α = 2GM (7)
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β(t) =

(
2

3trec
Lrec

)2

−
2GM

Lrec
+ L2

rec
1

9t2
rec

(
1 +

t2
rec

t2

)
(8)

γ (t) = −
1

9t2
rec

(
1 +

t2
rec

t2

)
. (9)

When considering the explicit time-dependence of the func-
tionsβ(t) andγ (t), it becomes obvious that these functions
should have become constants at the present-time of the uni-
verse, i.e. att�trec. In this asymptotic form, the above equa-
tion reminds to the well known Friedmann-Lemàitre equa-
tion (see e.g.Blome et al., 2001, Eq. 6.41). Hereby the term
α/L3 with its scale-dependence corresponds to the mass den-
sity term, while the termβ(t)/L2 corresponds to the curva-
ture term with an asymptotic curvature parameter given by

k∞ = β(t → ∞) = 5L2
rec/9t2

rec − 2GM/Lrec, (10)

This points to the interesting fact that, on local scalesL local
density perturbationsρ(L)≥ 〈ρ〉L→∞ cause a nonvanishing,
asymptotically constant spacetime curvature which, depen-
dent on boundary conditions, either is positive or negative.
Finally, the third term,γ (t), in cosmological contexts is con-
nected with the much discussed cosmological constant3, or
the vacuum energy term. Here this term is always negative
while in cosmological contexts it is mostly considered to be
positive.

In the following we shall derive a particular solution for
the caseL�Lrec. Taking the asymptotic form of Eq. (2) for
L�Lrec one obtains

L̇2
= (L̇2

rec −
2GM

Lrec
) +

1

2
(
R̈

R
+

R̈rec

Rrec
)L2 (11)

and one notes that the first term on the RHS of this equation
is fixed by the initial cosmic conditions att=trec. Adopting
as initial condition at the recombination phase the following
relation

Crec = (L̇2
rec −

2GM

Lrec
) = 0 (12)

one then obtains

L̇

L
= ±

√
1

2
(
R̈

R
+

R̈rec

Rrec
), (13)

where the “+” -sign has to be used for times witht≤t0, and
the “−”-sign for times t≥t0, with the time t0 defined by
L̇0=L̇(t0)=0. This then leads to the solution

L = L0 exp[−
∫ t

t0

√
1

2
(
R̈

R
+

R̈rec

Rrec
)dt], (14)

whereL0=L(t0) is determined by the conditioṅL(L0)=0
andL̇≤0 for t≥t0. The above relation is acceptable as long
asL(t)�Lrec.

3 Frequency shifts of freely propagating photons

In the following we study the frequency shift of a radio-
photon freely propagating in a locally modified Robertson-
Walker spacetime. The scale of the latter is assumed to be
associated with a local scale factorL(t), which does not fol-
low the same law valid for the global RW scale factorR(t),
as we have already discussed above. If the time-dependent,
local scale factorL(t) governs the metric in the solar sys-
tem, we may make use of a local variant of the cosmological
wavelength-redshift relation (see e.g.Goenner, 1997, p. 443),
and are then lead to the relation

λ1

λ0
=

ν0

ν1
=

L1

L0
, (15)

The subscript 0 denotes the respective value of the emitted
photon, while the subscript 1 denotes the observed, shifted
photon after a free passage time 2ti , with ti being the one-
way passage time of a radio signal from Earth to a distant
spaceprobe. Here we have called the initial scale factor
L(t=0)=L0, while the scale factor att=2ti is calledL1. For
short time intervals (i.e. 2ti�1/H0), it is possible to use the
Taylor expansionL1=L0+L̇0·2ti , and one obtains

1ν = ν0 − ν1 = ν0

(
1 −

L0

L0 + L̇02ti

)
= ν0

L̇0

L0
2ti . (16)

Depending on the expansion or contraction rate of the lo-
cal spacetime scaleL(t), and the base frequency and prop-
agation time of the radiophotons, this relation may also be
applied to estimate how far the spacecraft has to go out
from the observer for the effect to be observable, by setting
1ν>1νobs, where1νobs is the absolute accuracy obtainable
by the experiment. Considering thatti≈xi/c, we obtain

L̇

L
> 2.5

1νobs

ν0

( x

1 AU

)
, (17)

which allows us to estimate an upper limit for the sensitiv-
ity. If we assume that the spacetime expansion or contraction
rate is of the order of the present day Hubble constant, i.e.
H0=o(10−12) s−1, we obtain the requirement

10−12 >
1νobs

ν0

( x

1 AU

)
, (18)

which means that, effectively, the required experimental pre-
cision scales linearly with the length of the photon path. Nev-
ertheless, the measurement of the radiofrequency must be
very precise, which, however, nowadays is well possible us-
ing modern radio communication methods with highly stable
oscillators (seeAnderson et al., 2002).

4 Conclusions

In the section above we have shown that, in the framework of
a simplified theory of heliospheric spacetime dynamics, the
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spacetime geometry is characterized by a typical scale func-
tion L=L(M, t) with a time-dependence given by Eq. (2). In
case of a special initial conditionCrec=(L̇2

rec−
2GM
Lrec

)=0, one
obtains the solution in the form of Eq. (16)

L̇/L = −H3, (19)

yielding an additional, previously unmodeled frequency shift
in the radiotracking signal of heliospheric spacecrafts of

1ν = ν0
L̇0

L0
2ti = −H3ν02ti (20)

which is just the result needed to quantitatively explain the
PIONEER blueshift anomaly (seeAnderson et al., 2002).
This does not prove that with the above we have found the
correct explanation of this anomaly, but it may point to a
completely new kind of experiments, using similar radio-
tracking observations for the sake of determining the local
spacetime metric. In addition, direct observations of such
metrically-induced redshifts might allow to measure, for the
first time, the full energy-stress tensor generating our space-
time, including contributions from the dark side of the uni-
verse (i.e. dark matter and dark energy).

Even in face of a considerably more complicated helio-
spheric spacetime than the simple model considered here,
which must be expected in anN -body system, the general
idea of frequency shifts on account of a specific dynamical
behaviour of the spacetime along the photon path (instead of
a simple special-relativistic Doppler-shift) is firmly rooted in
the theory of general relativity and commonly applied in cos-
mological studies. However, the question whether this effect
also appears on heliospheric scales remains unanswered, and
can likely only be solved using experimental methods.
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