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Abstract. The theory of drift-Alfv́en waves with the spatial
scales comparable to the ion Larmor radius is developed. The
dispersion relation, the wave impedance and variations of the
plasma density perturbations versus the wave frequency are
investigated. The relevance of theoretical results obtained to
the Cluster observations in the cusp and near a reconnection
X line in the Earth’s magnetopause is discussed.
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1 Introduction

The spacecraft observations (e.g.Chmyrev et al., 1988;
Chaston et al., 2005; Sundkvist et al., 2005a,b) provide the
evidence that large- and small-amplitude perturbations of the
drift- and kinetic Alfvén waves are permanently present in
the near Earth’s plasma environment. Quite often the waves
observed by Cluster imply the spatial scales of the order of
the ion Larmor radius and have the wave impedance of the
order of the local Alfv́en speed. The kinetic Alfv́en waves
(KAWs) as well as the drift-Alfv́en waves (DAWs) whose
perpendicular wavelengths often determine the fine spatial
structure of many auroral processes play an important role
in the electrodynamic coupling of the ionosphere and mag-
netosphere. These waves essentially control the formation
of the discrete fluxes of low energy electrons and suprather-
mal ions. The Cluster observations on 18 March 2002 in
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the vicinity of a reconnection X-line of the Earth’s magne-
topause (Chaston et al., 2005) reveal small amplitude elec-
tromagnetic wave perturbations that have been identified as
kinetic Alfvén and drift-Alfv́en waves with perpendicular
wavelengths of the order of the ion Larmor radius.

RecentlyOnishchenko et al.(2008) developed a compre-
hensive nonlinear theory of DAWs that accounts for the ar-
bitrary perpendicular spatial scales. A particular attention in
this paper has been paid to the vortex structures with spa-
tial scales of the order of the ion Larmor radius. The re-
sults of such an analysis were applied to the interpretation of
the Cluster observations in the Earth’s cusp, where nonlinear
vortex structures have recently been observed bySundkvist
et al.(2005a).

The main purpose of the present study is focused on ob-
taining compact relations for the description of small ampli-
tude drift-Alfvén wave perturbation that can be used for the
wave identification in space plasmas and on illustration of
the wave properties in such key regions as cusp and magne-
topause.

The paper is organized as follows: In Sect. 2 the linear
DAW dispersion relation with arbitrary perpendicular wave
spatial scales is discussed and comparison with the results
of Chaston et al.(2005) is provided. In Sect. 3 the wave
impedance and other important wave parameters are ana-
lyzed. Our discussion and conclusions are found in Sect. 4.

2 Drift -Alfv én wave dispersion relation

The DAW linear dispersion relation in low-β plasma
(1�β�me/mi , me(i) is the electron (ion) mass) accounting
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for the arbitrary wavelengths has been obtained by
Mikhailovskii (1992) and reads

(ω − ωi∗) (ω − ωe∗)

= ω2
A

[(
1 −

ωe∗

ω
e−zi I0(zi)

)
zi[1 − e−zi I0(zi)]

−1
+ zs

]
, (1)

where all wave perturbations vary as exp(−iωt+ik·r), ω

is the wave frequency andk is the wave vector. We
make use of SI units and a Cartesian coordinate system
in which the unperturbed magnetic fieldB0 is directed
along the z-axis, the x-axis is along the plasma density
gradient and the y-axis completes the triad. Furthermore,
ωi∗=kyviD=kyTiκn/eB0 and ωe∗=kyveD=−kyTeκn/eB0
the ion and electron drift frequencies,viD andveD the ion
and electron drift velocities,Ti(e) the ion (electron) temper-
ature, k2

⊥
=k2

x+k2
y , kx , ky and kz the x, y and z compo-

nents of the wave vectork, ω2
A=k2

zv
2
A, vA=B0/(µ0n0mi)

1/2

the Alfvén velocity,µ0 the permeability of free space,n0
the equilibrium plasma number density,mi the ion mass,
κn=d ln(n0)/dx, n0 the equilibrium proton or electron num-
ber density,zi=k2

⊥
ρ2

i , ρi=(Ti/mi)
1/2/ωci the ion Larmor ra-

dius,zs=ziTe/Ti=k2
⊥
ρ2

s andρs=(Te/mi)
1/2/ωci is the ion-

acoustic Larmor radius,ωci=eB0/mi the ion gyrofrequency,
e the magnitude of the electron charge andI0 the modified
Bessel function of the first kind. Equation (1) represents
the reduced version of dispersion relation (6) ofChaston et
al. (2005) that has been originally derived byMikhailovskii
(1967). In Eq. (1) the effects solely due to DAWs are re-
tained. The other mode, e.g. magnetostatic electron-drift
mode with the wave frequencyω'ωe∗, is eliminated.

When plasma inhomogeneity is neglected,ωi∗→0 and
ωe∗→0, Eq. (1) recovers the dispersion relation for the ki-
netic Alfvén waves

ω2
= ω2

A

[
zi[1 − e−zi I0(zi)]

−1
+ zs

]
, (2)

The dispersion relation (1) can be regarded as a general-
ization of the well known dispersion relation for the KAW
in the presence of the plasma inhomogeneity. Making use
of an expansion 1−e−zi I0(zi)'zi[1−(3/4)zi] in the limit
zi=k2

⊥
ρ2

i �1 one can obtain Eq. (2) the well-known dis-
persion of the kinetic Alfv́en waves (Hasegawa and Uberoi,
1982)

ω2
= ω2

A[1 + zs(1 + 3Ti/4Te)]. (3)

In the case of most importance whenzi takes the fi-
nite values of the order of unity or larger (correspond-
ing to Cluster observations) to obtain an appropriate de-
scription one can use the so-called Padé approximation
1−e−zi I0(zi)'zi/(1+zi). It has been shown byStreltsov et
al. (1998) andStasiewicz et al.(2000) that such an approx-
imation of the term 1−e−zi I0(zi) is suitable for the entire
range ofzi , and it is almost exact as the approximation when

zi>1. With the use of this relation the dispersion relation (1)
reduces to the form

ω2
(
1 −

ω∗i

ω

)
= ω2

A

[
1 + (zi + zs)

(
1 −

ω∗e

ω

)−1
]

, (4)

that allows us to incorporate the full ion Larmor radius effects
in the wide range of parameters.

3 Hydrodynamic description of drift-Alfv én waves

For description of the wave electromagnetic fields we
use the two-potential representation,Ez≡E·ẑ=−∂tA−∂zφ,
E⊥=−∇⊥φ, andB⊥=∇A×ẑ, whereE andB⊥ are pertur-
bations of the electric and magnetic fields, respectively,ẑ the
unit vector along the ambient magnetic fieldB0, ∂t≡∂/∂t and
∂z≡∂/∂z, and the subscriptsz and⊥ denote the components
along and perpendicular tôz, respectively. Furthermore,φ
is the scalar potential of the electric field andA is the z-
component of the vector potential. We consider that∂y�∂x

and in some cases use the differential operator to represent
formulae in more elegant form. Since we consider a low-β

plasma the parallel component of the magnetic field pertur-
bations can be neglected.

Generally the description of drift-Alfv́en waves with arbi-
trary wavelengths demands fully kinetic treatment. To obtain
relevant relations that may be used for identification of DAW
perturbations in spacecraft observations we make use of hy-
drodynamic approach (Kuvshinov and Mikhailovskii, 1996;
Onishchenko et al., 2008) neglecting the nonlinear terms.

In the low-frequency approximation we decom-
pose the electron velocityve as ve=vE+veD+vzeẑ,
where vE=cB−1

0 E⊥×ẑ is the E×B drift velocity,
veD=−Te(min0ωci)

−1(ẑ×∇⊥n0) is the electron dia-
magnetic drift velocity andvze is the parallel electron speed.
The z-component of the electric current can be found from
the Amṕere law and isjz=−µ−1

0 ∇
2
⊥
A. We assume that the

ion field-aligned velocity is small in considered here low-β

plasmas and thus the parallel electric currentjz is driven only
by the electrons, i.e.jz=−en0vze and vze=∇

2
⊥
A/µ0en0.

Taking into account thatE×B velocity is divergence free
∇·vE=0 and∇·(neveD)=0 the electron continuity equation,
∂tne+∇⊥·(neve)+n0∂zvze=0, reduces to

n−1
0 ∂t ñe + veD∂y8e + v2

Aρ2
s ∂z∇

2
⊥
Ae = 0. (5)

Herene=n0+ñe, ñe is the perturbed electron number density,
8e≡eφ/Te, Ae≡eA/Te, and∂y≡∂/∂y.

The equation for the electron momentum balance along the
ambient magnetic fieldB0 readsen0(Ez−veDBx)+∂zp̃e=0,
where p̃e=Teñe is the electron pressure perturbation. We
note that sinceβ�me/mi the term due to the electron in-
ertia is small and thus neglected. Then we have

(∂t + veD∂y)Ae + ∂z(8e − ñe/n0) = 0. (6)
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Fig. 1. The dependence of the perpendicular wave number normal-
ized on the ion Larmor radius upon the wave frequency normalized
to the Alfvén frequency. Calculations are carried out for the electron
to ion temperature ratioTe/Ti=0.5. Solid, dash-dotted, dashed and
dotted lines correspond toν∗

=0; 1/5; 1;and 5, respectively. With
the increase of the plasma inhomogeneity (corresponding to the in-
crease ofν∗) the wave frequency increases.

To close the system of nonlinear Eqs. (5–6) it is necessary
to supplement it by equation for the ion motion. Following
Kuvshinov and Mikhailovskii(1996) andOnishchenko et al.
(2008) we decompose the ion velocity in the small frequency
approximationω−1

ci dt�1 as

vi ' vE + viD + vP
E + vP

iD. (7)

Here viD=(miniωci)
−1(ẑ×∇⊥pi) is the ion diamagnetic

drift velocity, vP
E andvP

iD stand for the polarization parts of
the ion velocity connected to the drift velocitiesvE andviD

through the relations

vP
E =

1

ωci

(ẑ × ∂tvE) = −ρ2
i ∂t∇⊥8i, (8)

and

vP
iD =

1

ωci

(ẑ × ∂tviD) = −
ρ2

i

n0
∂t∇⊥ni, (9)

where8i=eφ/Ti .
With the help of Eq. (7) the ion continuity equa-

tion ∂tni+∇⊥·(nivi)=0 reduces to (Kuvshinov and
Mikhailovskii, 1996; Onishchenko et al., 2001, 2008)

∂tni + vE · ∇ni + ni∇ · (vP
E + vP

iD) = 0, (10)

Decomposingni=n0+ñi , whereñi(�n0) is the wave per-
turbation of the ion number density, and accounting for the

Fig. 2. The wave impedance normalized to the wave frequency.
Other parameters are the same as in Fig. 1.

polarization parts of the ion velocity (Eqs.8 and 9), from
Eq. (10) one finds

∂t

(
1 − ρ2

i ∇
2
⊥

)
ñi − u∗in0∂y8i − n0ρ

2
i ∂t∇

2
⊥
8i = 0. (11)

Here the ion temperature perturbations have been neglected
as small corrections of the higher order. Equations (5),
(6) and (11) together with the charge neutrality condition,
ñi=ñe≡δn, constitute a closed set of equations describing
the drift-Alfvén waves in a plasma with nonzero ion tem-
perature. Considering that all wave perturbations vary as
exp(−iωt+ik·r) from these equations one obtains the fol-
lowing dispersion relation

k⊥ρi=

[
(ω∗2

−ω∗ν
1/2
∗ −1)[1+(Te/Ti)ν

1/2
∗ /ω∗

]

1+Te/Ti

]1/2

, (12)

where ω∗
≡ω/ωA is the normalized wave frequency and

ν∗
≡(ωi∗/ωA)2 is the parameter characterizing the degree

of a plasma inhomogeneity. The limiting caseν∗
→0

corresponds to the KAWs. From Eq. (12) follows that
the DAWs exist for the wave frequenciesω∗

≥ω∗
c where

ω∗
c≡[ν

1/2
∗ +(ν∗+4)1/2

]/2. In the case of the KAWsω∗
c=1.

Figure 1 shows the dependence of the normalized wave fre-
quency upon the perpendicular wave numberk⊥ρi for the
electron to ion temperature ratio equals toTe/Ti=0.5 (this
ratio is typical for the Earth’s cusp) and forν∗

=0; 1/5; 1;
and 5. With the increase of the plasma inhomogeneity (cor-
responding to the increase ofν∗) the wave frequency also
increases.

The wave impedance normalized to the Alfvén velocity
evaluated from Eqs. (5), (6) and (11) is

Ey

BxvA

= −
ω∗2 Ti

Te
+ ω∗ν

1/2
∗ + 1

ω∗(1 +
Ti

Te
)

. (13)
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Fig. 3. The particle number density perturbations as the function of
the wave frequency. Other parameters are the same as in Fig. 1.

Figure 2 illustrates the dependence of the normalized wave
impedance as a function of the wave frequency forω∗

≥ω∗
c .

One sees that with the increase of the wave frequency and
plasma inhomogeneity the wave impedance increases. The
Fourier transform of Eq. (11) gives

ñi

n0
= −

[
ω∗i

ω
+

zi

1 + zi

(
1 −

ω∗i

ω

)]
8i . (14)

It is worth noting that fully kinetic treatment provided by
Mikhailovskii (1992) reads

ñi

n0
= −

{ω∗i

ω
+

[
1 − e−zi I0(zi)

] (
1 −

ω∗i

ω

)}
8i . (15)

The comparison of Eq. (14) with Eq. (15) shows that in the
Pad́e approximation they are identical. This confirms that
Eq. (14) adequately describes the ion density perturbations.
Making use of Eq. (14) and dispersion relation (12) one
can represent the particle number density perturbation as the
function of the wave frequency and perturbed electrostatic
potential

δn

n0
= −

ω∗2
− ω∗(2 + Te/Ti)ν

1/2
∗ − 1

ω∗2Ti/Te + ω∗ν
1/2
∗ + 1

8e. (16)

Figure 3 shows the dependence of the particle number den-
sity perturbations as a function of the wave frequency for
ω∗

≥ω∗
c .

4 Summary

In this paper we have investigated in the linear approxima-
tion the drift-Alfvén waves with arbitraryk⊥ρi in the so-
called Pad́e approximation. A special attention has been paid

Fig. 4. The dependence of the perpendicular wave number nor-
malized to the ion Larmor radius as a function of the normalized
frequency. Calculations are carried out for the electron to ion tem-
perature ratioTi/Te=14. Solid, dash-dot, dashed lines correspond
to ν∗

=0, 10, and 100, respectively.

to the waves with spatial scales of the order of the ion Lar-
mor radius. The present analysis can be considered as an ex-
tension of our previous study (Onishchenko et al., 2008) of
drift-Alfv én waves, which was limited to the investigation of
quasi-stationary nonlinear vortex structures. We have studied
the dependence of the wave characteristic parameters such as
the perpendicular wavelength, the wave impedance and the
particle number density perturbations versus the wave fre-
quency. Our compact expressions for characteristic wave
parameters (Eqs.12–13 and16) may be used for the mode
identification of Cluster data in the cusp (Sundkvist et al.,
2005a,b) and in the vicinity of a reconnection X-line (Chas-
ton et al., 2005). Figures 1–6 illustrate the correlation be-
tween characteristic spatial and temporal scales, the wave
impedance, and the particle number perturbations in a plasma
with different degrees of plasma inhomogeneity.

Let us apply the results obtained to the identification of the
wave modes in specific satellite observations. For example,
in the cusp region during the Cluster satellite crossing (Sund-
kvist et al., 2005a,b) a typical electron to ion temperature
ratio wasTe/Ti=0.5. Figures 1–3 show the perpendicular
wave number, wave impedance and particle number density
perturbations as the functions of wave frequency for different
valuesν∗=(ωi∗/ωA)2, i.e. forν∗

=0; 1/5; 1 and 5 character-
izing the degree of plasma inhomogeneity. Figure 1 shows
that DAWs exist for the frequency rangeω∗

≥ω∗
c , where

ω∗
c≡[ν

1/2
∗ +(ν∗+4)1/2

]/2. The wave frequency increases
with the increase in the plasma inhomogeneity, with increase
of ν∗, for constant perpendicular wavelength. Figures 1 and
2 show that the smallest wave impedance normalized to the
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Fig. 5. The wave impedance as a function of the wave frequency.
The parameters are the same as in Fig. 4.

local Alfvén speed is attained for the long-wavelength pertur-
bations, whenω∗

→ω∗
c or λ⊥→∞. The smallest impedance

which equals to the Alfv́en speed in the case of the kinetic
Alfv én waves,ν∗=0, increases withν∗. The wave impedance
increases with the increase in the wave frequency and de-
crease ofλ⊥. Figure 3 shows the dependence ofδn/n08e

versus wave frequency. One can see thatδn/n08e attains
the largest value in the long-wavelength limit, whenω∗

→ω∗
c

or λ⊥→∞, that is equal to 0 in the case of KAWs, and in-
creases with the increase in the plasma inhomogeneity. With
increase in the wave frequency the valueδn/n08e becomes
smaller.

In the vicinity of a reconnection X-line where DAWs
have been observed by Cluster on 18 March over 14:55–
14:56:30 UT the average ion to electron temperature ratio
wasTi/Te'14. Figures 4–6 illustrate the dependence of the
wave perpendicular spatial length, the wave impedance and
the particle number density perturbations as the function of
the wave frequency atν∗

=0; 10 and 100 forTi/Te=14. Fig-
ure 4 shows that perpendicular wave number increases with
the wave frequency as it was registered by Cluster, see Fig. 3a
and b fromChaston et al.(2005). Figure 5 shows that the
wave impedance increases approximately in a linear propor-
tion with the wave frequency from|E|/|B|=vA in a homoge-
neous plasma or from|E|/|B|'10vA in a highly inhomoge-
neous plasma whenν∗

=100. The waves with the perpendic-
ular wavelength of the order of the ion Larmor radius have
the wave impedance|E|/|B|=1.4vA or 10vA for ν∗

=0 or
ν∗

=100, respectively. When the Cluster spacecraft moved
from homogeneous plasma region with large local Alfvén
speed to the region with strong plasma density gradients and
small local Alfvén speed, see Fig. 1b fromChaston et al.
(2005), the effective value ofν∗ increased fromν∗

=0 to the

Fig. 6. Same as Fig. 5 but for the particle number density variations.

large values so that the wave impedance increases from the
local Alfvén speed to the large values, see Fig. 3c ofChas-
ton et al.(2005). Figure 6 shows that the normalized particle
number density perturbation increases with the increase in
the plasma inhomogeneity and decreases with the wave fre-
quency.

Our theoretical results are in reasonable agreement with
Cluster observations obtained during crossings of the cusp
and the vicinity of the reconnection region. This gives us
sufficient grounds to support conclusions ofSundkvist et al.
(2005a,b) and Chaston et al.(2005) that observed in these
regions waves are DAWs.
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in the aurora, Space Sci. Rev., 92, 423–533, 2000.

Streltsov, A. V., Lotko, W., Johnson, J. R., and Cheng, C. Z.: Small-
scale, dispersive field line resonances in the hot magnetospheric
plasma, J. Geophys. Res., 103, 26559–26572, 1998.

Sundkvist, D., Krasnoselskikh, V., Shukla, P. K., Vaivads, A., An-
dre, M., Buchert, S., and Reme, H.: In situ multi-satellite de-
tection of coherent vortices as a manifestation of Alfvénic turbu-
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