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Abstract. We have performed a number of one-dimen-
sional hybrid simulations (particle ions, massless elec-
tron ¯uid) of quasi-parallel collisionless shocks in order
to investigate the injection and subsequent acceleration
of part of the solar wind ions at the Earth's bow shock.
The shocks propagate into a medium containing mag-
netic ¯uctuations, which are initially superimposed on
the background ®eld, as well as generated or enhanced
by the electromagnetic ion/ion beam instability between
the solar wind and backstreaming ions. In order to study
the mass (M) and charge (Q) dependence of the
acceleration process He2� is included self-consistently.
The upstream di�erential intensity spectra of H� and
He2� can be well represented by exponentials in energy.
The e-folding energy Ec is a function of time: Ec
increases with time. Furthermore the e-folding energy
(normalized to the shock ramming energy Ep) increases
with increasing AlfveÂ n Mach number of the shock and
with increasing ¯uctuation level of the initially super-
imposed turbulence. When backstreaming ions leave the
shock after their ®rst encounter they exhibit already a
spectrum which extends to more than ten times the
shock ramming energy and which is ordered in energy
per charge. From the injection spectrum it is concluded
that leakage of heated downstream particles does not
contribute to ion injection. Acceleration models that
permit thermal particles to scatter like the non-thermal
population do not describe the correct physics.
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shocks) � Space plasma physics (charged particle motion
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1 Introduction

Energetic ions with energies from just above solar wind
energies to about 200 keV per charge upstream of the

Earth's bow shock have been studied extensively in the
past. The upstream events can be divided according to
their origin into two classes: the so-called magneto-
spheric bursts and the bow-shock associated events. The
bow-shock associated events consist again of two
distinctly di�erent components: the re¯ected ions and
the di�use component (Gosling et al., 1978). While the
re¯ected component can be reasonably well understood
by re¯ection of part of the solar wind ions at the quasi-
perpendicular bow shock, the di�use ions are believed to
be due to a ®rst-order Fermi acceleration process of
solar wind ions in the converging ¯ow at the quasi-
parallel bow shock.

One of the most characteristic features of upstream
di�use ions is their spectral shape. Ipavich et al. (1981a)
have shown that the spectrum of di�use protons is quite
di�erent from a power law and that it can in fact
be very well described by an exponential in energy
j / exp�E=Ec�. Furthermore, it was shown by Ipavich et
al. (1981a) that the e-folding energy Ec is independent of
ion species if represented in energy per charge �E=Q�
units. Ipavich et al. (1981b) found that composition
ratios in di�use events were constant as a function of
energy per charge not only during the equilibrium
intensity levels of the events, but also during their onset
and decay phases. Standard ®rst order Fermi accelera-
tion theory predicts, however, a spectral slope given by a
power law independent from the upstream solar wind
conditions and depending only on the shock compres-
sion ratio. In a statistical study of 382 upstream events it
was found by Trattner et al. (1994) that the e-folding
energy of upstream H� and He2� spectra correlates with
the solar wind velocity component parallel to the
magnetic ®eld.

To explain the exponential spectra, a number of
models has been proposed which include a loss mech-
anism of some kind for the di�use ions. The indepen-
dence of the e-folding energy on ion species requires
speci®c energy/charge dependencies of the acceleration
e�ciency, di�usion coe�cients (mean free paths), and/
or of the loss processes. We will brie¯y summarize theCorrespondence to: M. Scholer
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various mechanisms which possibly result in exponential
spectra with an energy per charge independent scaling.
For a detailed discussion see the review by Terasawa
(1995).

In the parallel shock limit acceleration is only due to
shock convergence which results in a species indepen-
dent relative energy increase each time a particle
experiences the shock compression. In this standard
Fermi model the e�ect of an upstream free-escape
boundary has been invoked in order to obtain expo-
nential energy spectra (Forman, 1981; Ellison, 1981). In
order to obtain the same e-folding energy in terms of
energy/charge it is necessary that the upstream parallel
di�usion coe�cient Djj for di�erent species is equal at
the same E=Q. In quasi-linear theory of pitch angle
di�usion Djj is given by

Djj / M
Q

� ��1ÿd�=2 E
Q

� ��3ÿd�=2
�1�

where d is the power law index of the magnetic
turbulence �P / kÿd, where k is the wave number).
Therefore only d � 1 results in a di�usion coe�cient Djj
independent of M=Q at the same E=Q. However,
upstream magnetic ®eld power spectra can very rarely
be represented by a power law with d � 1; in the lower k
range d may even be negative. A second model, which
satisfactorily predicts energy spectra as measured, is the
self-consistent model of Lee (1982). This model is based
on an earlier model by Eichler (1981) which utilizes the
three dimensional di�usion-convection equation includ-
ing perpendicular di�usion. In this model particle loss is
due to di�usion perpendicular to the magnetic ®eld to
the ¯anks of the bow shock, where the shock is weak, or
to unconnected ®eld lines. The solution of Lee (1982)
can well be approximated by an exponential in energy.
The e-folding energy is independent of the ion species if
represented in E=Q and is independent of the form of the
power spectrum of the upstream waves. The last
property is due to the assumption of quasi-linear theory.
However, the necessary perpendicular di�usion coe�-
cient D? needed in order to explain the observations is
rather large: Wibberenz et al. (1985) estimated that
D?=Djj has to be of the order of 0.7. Such a large
perpendicular di�usion coe�cient should lead to a
considerable smoothing of lateral density gradients
(Terasawa, 1995) which does not seem to be observed.

Terasawa (1995) has pointed out that relative energy
increase DE=E is only in the exactly parallel limit
independent of mass per charge M=Q. Terasawa (1981)
has suggested that if there exists a tangential magnetic
®eld component at the shock, and if the scattering mean
free path is large compared to the shock transition
region, particles should get directly re¯ected at the shock
front. Mirror re¯ection at the shock leads to an energy
gain per re¯ection of DE=E / �4V1l�=vi, where vi is the
velocity of the ions, l is the average of the pitch angle,
and V1 is the upstream plasma speed (Terasawa, 1995).
This can be written as:

DE
E
/ M

Q

� �1=2 E
Q

� �ÿ1=2
: �2�

The larger energy increase of higher M=Q particles at the
same E=Q is due the larger drift path of the heavier ions.
If the power law index of the upstream waves is less than
1, Djj is larger for larger M=Q particles at the same E=Q.
Terasawa (1981) has suggested that this leads to a larger
(upstream) escape probability which may cancel the
larger acceleration e�ciency, and could also lead to a
E=Q regulation of the upstream spectrum.

Recently, hybrid simulations of quasi-parallel shocks
have been used to study the microphysics of the shock
transition layer and the process of particle acceleration
self-consistently (Quest, 1988; Scholer, 1990; Kucharek
and Scholer, 1991; Giacalone et al., 1992). It has been
shown by these simulations that a fraction of the solar
wind thermal distribution is accelerated at the shock
front by a coherent process. Kucharek and Scholer
(1991) argued that these ions gain energy mainly due to
a gradient B drift at the shock front. However, since the
simulations were performed in the normal incidence
frame, the apparent motion of an ion along the shock
front in the coplanarity plane is simply the result of the
motion of the ®eld line in that frame. As has been shown
recently by Scholer et al. (1998) a thermal solar wind
particle reaches the shock and performs a nonadiabatic
motion in the shock ramp during which the main
velocity component vx is re-directed into a tangential
component. The particle then gyrates in the de Ho�-
mann-Teller frame near the shock ramp and is subject to
the electric ®eld of the upstream and shock generated
waves. Acceleration occurs by the tangential electric
®eld when the tangential velocity and the tangential
electric ®eld are nearly in phase, as proposed by Lyu and
Kan (1993). The ion is decelerated when the tangential
velocity is out of phase with the tangential electric ®eld.
The backstreaming accelerated ions constitute a seed
particle population for subsequent further shock accel-
eration. Giacalone et al. (1992) have demonstrated by
initially superimposing magnetic ¯uctuations on the
background ®eld that a downstream distribution of
energetic ions is produced with a power±law slope that
agrees well with the di�usive shock acceleration theory.
Giacalone et al. (1993) extended these hybrid simula-
tions and deduced the scattering law for protons in the
upstream region. They obtained a di�usion length d
which scales with energy approximately as d / E1=3.
Since D�E� � d�E�v=3 the di�usion coe�cient scales
with energy approximately as E0:8. This would corres-
pond, according to quasi-linear theory, to a power-law
exponent of the magnetic ®eld ¯uctuation spectrum of
d � 1:4 and results in a weak dependence of the
di�usion coe�cient on mass per charge,
Djj / �M=Q�ÿ0:2. Ellison et al. (1990) could actually
reproduce upstream spectra by a Monte Carlo simula-
tion where they introduced a free escape boundary and
assumed a mean free path determined by quasi-linear
theory with d � 1 � 0:5. However, Giacalone et al.
(1993) superimposed initially ¯uctuations with a power

584 M. Scholer et al.: Injection and acceleration of H� and He2� at Earth's bow shock



spectral slope of d � 1:5 and a total power of 0.75B2
1,

where B1 is the upstream magnetic ®eld strength. It is
not clear to what degree the imposed high ¯uctuation
level determines the ®nal mean free path.

It has ®rst been shown in the hybrid simulations of
Trattner and Scholer (1991) that a fraction of solar wind
He2� is also extracted out of the solar wind at the shock
and is further accelerated. This is rather important for
the origin of upstream di�use ions: alpha particles are
considerably underabundant in the ®eld-aligned beams
originating at the quasi-perpendicular bow shock and
these beams have therefore been dismissed as seed
particles for di�use ions. In the work by Trattner and
Scholer (1991, 1994) H� and He2� spectra have not been
directly compared, and the di�usion coe�cients have
not been evaluated at the same energy per charge.

It is the purpose of the present paper to evaluate
upstream spectra di�use ion obtained in hybrid simula-
tions of quasi-parallel shocks over a wide range of
parameters. We will ®rst investigate the dependence of
proton spectra on the initially imposed upstream ¯uc-
tuation level and on the shock Mach number. We will
then include He2� self-consistently and will try to
elucidate which of the above mentioned scenarios results
in these simulations in the energy per charge ordering of
the spectra.

2 Simulation model

The hybrid model used in this paper treats the ions as
macro-particles and the electrons as a charge-neutraliz-
ing, massless ¯uid (Winske and Leroy, 1984). Such a
model reproduces satisfactorily observed ion scale
length features of collisionless shocks. The simulation
allows for one direction (shock normal direction x) and
full three-dimensional velocities. The shock is launched
by the rigid piston method: a plasma ¯ows initially to
the right of the simulation box and is being continuously
supplied at the left boundary x � 0. The plasma is
specularly re¯ected o� a rigid, conducting wall, located
at the right edge x � L of the simulation domain. The
re¯ected and incoming ¯ow couple and lead to a shock
which propagates to the left in the simulation frame, i.e.,
the simulation frame is the downstream rest frame.
The upstream distance thus continuously shrinks as the
simulation progresses. In the cases studied here the
results were obtained when the shock was still su�-
ciently far from the left hand boundary (at least one
di�usion length of the highest energy ions considered).
Since the shock is known to accelerate only 2±3% of the
incoming thermal ions, statistical valid distributions at
higher energies can only be obtained by using an
enormous number of thermal ions, which is not feasible,
or by splitting particles as they increase in energy. The
latter method has also been used in the recent hybrid
simulations by Quest (1991), Scholer et al. (1992) and
Giacalone et al. (1992). When a particle crosses an
energy threshold it is split into two new particles which
subsequently contribute each only half to the ®elds and
plasma bulk moments. At the time of the splitting, the

position of the mother particle in phase space is
unchanged, while the daughter is randomly displaced
in the same spatial cell and has the same velocity. In the
following simulations we have chosen 18 energy levels
which are evenly spaced on a logarithmic scale in the
range 1.5-150Ep (Ep= ramming energy of the solar wind
plasma) for the protons and in the range 1.5-150Ep=Q
for He2�. This allows us to follow the distribution
function over ten orders of magnitude.

Giacalone et al. (1992, 1993) have superposed on the
initial, ambient magnetic ®eld a spectrum of AlfveÂ nic
¯uctuations. The injection of these waves was main-
tained at the left hand boundary of the simulation
system. The rationale for this was that otherwise it takes
too long to generate a fully matured upstream wave ®eld
within the simulation time. There are additional reasons
which support the introduction of such a wave ®eld
when modeling the quasi-parallel bow shock: the
interplanetary medium is turbulent on all scales. Fur-
thermore, ®eld-aligned beams produced at the quasi-
perpendicular bow shock can excite waves by an
electromagnetic ion/ion beam instability. These waves
will subsequently be convected into the quasi-parallel
regime. Both types of waves can be accounted for by the
initial superposition of a wave ®eld. As done by
Giacalone et al. (1992, 1993), we assume the waves to
be an equal mixture of right- and left-hand, forward-
and backward propagating, circularly polarized coher-
ent waves traveling with AlfveÂ n velocity. Note that in a
one-dimensional simulation the k wave vectors are
forced in the simulation direction x. Since the upstream
magnetic ®eld makes an angle HBn with x this procedure
does not give a correct initiation of magnetosonic or
AlfveÂ nic modes with k vectors in the x direction, unless
HBn � 0. Furthermore, we have not introduced corre-
sponding perturbations in the bulk plasma properties.
Rather, the simulation adjusts itself self-consistently
after the start of the simulation and subsequently over a
small region near the left edge of the injection boundary.
The wave amplitudes are calculated by assuming a
power spectrum in wave number, with a spectral index
d � 1:5, i.e., P �k� / kÿ1:5. There are 25 wave modes with
wavelengths ranging from 5 to 400 ion inertial lengths.
The total integrated spectral power is �B2

1, where we
have varied � between 0.2 and 0.6.

In the simulations time is expressed in units of the
inverse proton gyrofrequency Xcp � eB1=�mpc�, where c
is the speed of light, e is the magnitude of the electron
charge and mp is the proton mass. Distances are
expressed in terms of the ion inertial length k � c=xpi,
where xpi is the ion plasma frequency. The unit velocity
is the upstream AlfveÂ n velocity vA; the unit density is
then the upstream density n1 and the unit magnetic ®eld
is the upstream magnetic ®eld B1. We used a grid size of
Dx � 0:5c=xpi and the time step is XcpDt � 0:025. In all
runs the upstream plasma beta (ratio of plasma pressure
to magnetic ®eld pressure) for protons and electrons is
held ®xed at bi � be � 1:0, and the angle HBn is assumed
to be 5�. Two di�erent box sizes are used: L � 2000c=xpi
for the runs with H� only and L � 1600c=xpi for the run
where He2� is included self-consistently. In the latter run
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we have assumed a He2� to H� density ratio of
nHe=np � 0:05 and a He2� temperature of THe � 4Tp,
where Tp is the proton temperature. For comparison,
one run with protons only was done in a very large
simulation system of L � 4000c=xpi.

3 Simulation results

In Fig. 1 we display spectra taken downstream of a
MA � 4:1 shock with di�erent superimposed total inte-
grated spectral power �. The spectra represent spectral
averages over 100c=xpi downstream of the shock and
are taken at the end of each simulation T � 600Xÿ1cp . At
this time the shock is still � 1340c=xpi away from the
upstream free-escape boundary. Plotted here and in the
following ®gures is the di�erential intensity dN�~v�=d~v,
where ~v is the velocity measured in a frame that is co-
moving with the shock in units of the upstream plasma
velocity vsw, versus ramming energy Ep � �m=2�v2sw. The
particle velocity v (in units of AlfveÂ n velocity) divided by
the Mach number results in the velocity ~v � v=MA in
units of the ram (solar wind) velocity. The particles were
sorted into logarithmically spaced bins of velocity ~v. The
number of particles in each bin divided by ~v results
according to dN=d~v � �1=~v� dN=d�log ~v� in dN�~v�=d~v.
The unit of di�erential intensity is arbitrary but the
same for all cases. The spectra are plotted in a
logarithmic versus linear representation. Assuming a
solar wind velocity of � 440 km=s the unit energy
corresponds to � 1 keV. Note that the ram energy is
determined by the solar wind speed and does not depend
on AlfveÂ n speed (i.e., is not given by the shock Mach

number). In all three cases the shock AlfveÂ n Mach
number is the same, MA � 4:1. All Mach numbers given
are in the shock frame of reference. Since the shock
velocity and plasma properties continually change
during the simulation, the Mach number is also time
dependent and the value given is an average over the
entire run. As can be seen from Fig. 1 the spectrum for
� � 0 is close to an exponential in energy in the lower
energy range and drops sharply o� above some energy.
The e-folding energy Ec in the lower energy range as well
as the higher energy cut-o� increases with increasing �.
At � � 0:6 the spectrum is an exponential up to the
highest energy plotted. The important result to note is
that the spectral e-folding energy depends strongly on �,
i.e., on the pre-existing magnetic ®eld ¯uctuation level.
In Fig. 2 we display the same spectra in a log±log
representation. The spectra are o�set by a factor 10 and
we have indicated the energy scale only for the � � 0
spectrum. The spectra shown here can immediately be
compared with those presented by Giacalone et al.
(1993) and Ellison et al. (1993). They exhibit the
pronounced ¯attening in the intermediate energy range
and a steep drop-o� to higher energies, as expected for
an exponential. Since we are concerned in this paper
with the measured exponential spectra in the 10±100
keV range, we will display in the following spectra only
in the log versus linear version.

The backstreaming ions excite magnetosonic waves
by an electromagnetic ion/ion beam instability. We have
evaluated the spectral power in a region of 126c=xpi
upstream of the shock ramp. Figure 3 shows the total
power in all three magnetic ®eld components as a
function of the absolute value of the wave vector k,
where k is in units of inverse ion inertial length. In order
to improve the power spectral presentation 20 spectral
realizations obtained at di�erent times during each run
have been averaged. Shown are the power spectra for
the cases � � 0; 0:2, and 0.6. The power spectra of the
three cases are o�set in k by one decade. In the case
� � 0, i.e., without initially imposed upstream turbu-
lence, the power spectrum peaks at c=xpik � 0:2. The
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Fig. 1. Flux distributions for protons downstream of a MA � 4:1
shock at Xcpt � 600 in a log versus linear representation. Energy is
measured relative to the shock frame of reference in units of the
plasma ramming energy Ep. Di�erent levels of initially superimposed
¯uctuations have been used (� � 0; 0:2 and 0.6)
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Fig. 2. Same as Fig. 1 in a log±log representation
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power spectral exponent is clearly positive for
c=xpik < 0:2. With increasing superimposed upstream
turbulence the peak disappears and at � � 0:6 the
upstream power spectrum is largely determined by the
superimposed wave ®eld. Above � � 0:6 the power
spectral slope is, on average, negative. Giacalone et al.
(1992) used in their simulations � � 0:75 with d � 1:5.
The ®nding that the di�usion coe�cient scales as
D / E 0:8 re¯ects most likely the power spectrum of the
initially superimposed waves: these waves largely deter-
mine the ®nal upstream ¯uctuation level. A spectral
slope of d � 1:5 results according to quasi-linear theory
in D / E0:75. The result of Giacalone et al. (1992) should
therefore be taken as a con®rmation of quasi-linear
theory and less as a determination of the energy
dependence of the di�usion coe�cient upstream of
quasi-parallel shocks in the absence of background
turbulence.

Power spectra of ULF waves upstream of the Earth's
bow shock usually exhibit a hump at � 0:02ÿ 0:03 Hz
(e.g., Le and Russell, 1992). We have therefore used in
all subsequent runs a ¯uctuation level given by � � 0:2,
which results in power spectra close to spectra which are
actually observed. Figure 4 shows the temporal devel-
opment of the downstream intensity spectrum for the
MA � 5:4 case. These and the following spectra shown
are spectral averages over 100c=xpi upstream of the
shock. Note that under typical solar wind conditions at
1 AU 1Xÿ1cp corresponds to � 1 s and Ep corresponds to

� 1 keV. It is evident that the intensity up to � 30Ep
appears within Xcpt � 150 and is rather constant with
time, whereas at an energy of � 150Ep the intensity
continuously rises. This leads to the so-called inverse
energy dispersion observed during many upstream
particle events. In the lower energy range the events
usually exhibit a ¯at top pro®le (Ipavich et al., 1981b)
which is consistent with the simulation. An increase in
the far upstream magnetic ®eld power level � consider-
ably speeds up the ¯attening of the spectrum. When we
use � � 0:6 the intensity reaches within � 150Xÿ1cp more
or less a steady state up to � 60Ep. The ®eld-aligned
beams near the quasi-perpendicular shock can excite
electromagnetic waves, so that when these waves are
convected into the quasi-parallel regime the power at the
edges of upstream events may actually be increased. In
the case of a non-radial interplanetary magnetic ®eld
(IMF) this may considerable reduce the inverse energy
dispersion e�ect.

The assumption of free particle escape as a boundary
condition is an unavoidable artifact in the hybrid
simulations of collisionless shocks. But the necessity of
a free escape boundary in hybrid and Monte Carlo
simulations should not be confused with the introduc-
tion of a free escape boundary in any steady state
theory: as pointed out in the introduction, the free
escape boundary has also been employed in order to
obtain exponential spectra in a steady state Fermi
acceleration model. In order to prove that the spectrum
is largely independent of the position of this arti®cial
boundary in the simulations we have repeated the
MA � 5:4 shock run in a numerical box of twice the
original size. Figure 5 compares the spectrum obtained
by a run in a box with a size of L � 2000c=xpi with the
spectrum obtained in a box with size L � 4000c=xpi. At
the end of the run the upstream region extends
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Fig. 3. Power spectra of the magnetic ®eld ¯uctuations upstream of a
MA � 4:1 shock at Xcpt � 600 for di�erent upstream imposed
turbulence levels (� � 0; 0:2; and 0.6). The spectra are o�set by a
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Fig. 4. Temporal development of the ¯ux distribution at Xcpt � 600
upstream of a MA � 5:4 shock with � � 0:2
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Lu �� 1180c=xpi and Lu �� 3180c=xpi, respectively,
from the shock to the left hand free escape boundary. In
the latter case this corresponds in real units to more than
50 RE upstream of the Earth's bow shock. Both spectra
are obtained by averaging over 100c=xpi upstream of the
shock ramp. As can be seen from Fig. 5, di�erences are
indeed minor. Thus, the actual location of the left hand
boundary has no in¯uence yet on the spectra close to the
shock and in the region downstream (not shown here).
This is of course due to the chosen values of Mach
number and distance Lesc to the free escape boundary.
Giacalone et al. (1997) have estimated the time sa as a
function of Mach number and Lesc so that for times
larger than sa the spectra will be determined by the free
escape boundary, while for times shorter than sa the
spectrum is still evolving. Our value of maximum run
time is still smaller than sa, so that the result in Fig. 5 is
consistent with the Giacalone et al. (1997) estimates.
There exists no free escape boundary in nature; if the
simulated spectra would have been determined by the
free escape boundary, the simulation system has to be
increased. In the present simulations the distance Lesc
between shock and free escape boundary continuously
decreases during the simulation run. We note in passing
that a di�erent approach was taken by Ellison et al.
(1993). In their simulations the free escape boundary
tracked the shock, so that Lesc stayed constant with time.

Figure 6 shows the dependence of the upstream
intensity spectrum on shock AlfveÂ n Mach number.
Here, the results for three cases, MA � 4:1; 5:4 and 7.3
are compared. The e-folding spectral energy Ec increases
strongly with increasing Mach number: at MA � 4:1 we
®nd Ec � 8:6Ep, at MA � 5:4 we obtain Ec � 16:6Ep, and
at MA � 7:3 the spectrum can be ®t with an exponential
with Ec � 22:5Ep. Note that the energy is expressed in

units of the shock ram energy and is independent of the
AlfveÂ n velocity. The result shown in Fig. 6 predicts
¯atter upstream di�use ion spectra for a solar wind with
the same AlfveÂ n speed but higher solar wind velocity
since the Mach number increases. The e-folding energies
obtained here are well within the observed range
(Trattner et al. 1994). The ¯atter spectrum in the high
Mach number case results in a higher energy density of
upstream ions. This, in turn, should lead to an increase
in the upstream power spectrum. Figure 7 shows the
upstream magnetic ®eld power for 3 Mach number
cases. The spectra are again shifted in k by one decade
against each other. As expected the power indeed
increases with increasing Mach number, and the spectral
hump moves with increasing Mach number to smaller k.

We will now discuss results of a simulation where
He2� is included self-consistently. Figure 8 shows the
H� and He2� spectra at the end (Xcpt � 450) of a
MA � 5:4 run. The spectra are again averaged over a
region of 100c=xpi upstream and downstream of the
shock ramp, respectively. The spectra are represented as
di�erential ¯ux versus energy per charge, �E=Ep�=Q, in a
logarithmic versus linear representation. Both spectra
can be very well represented over the entire energy/
charge range by an exponential in energy/charge.
Moreover, since both lines are parallel to each other,
the e-folding energy is identical for H� and He2� when
expressed in terms of energy per charge. This simulation
result is in accordance with measurements of upstream
spectra, as outlined in the introduction. The He2� to H�
ratio of the di�use ion ¯uxes is enhanced by about a
factor 5 relative to same ratio in the solar wind.
Enhancements of He2� relative to H� in di�use ion
events have been reported by Ipavich et al. (1981b) and
more recently by Fuselier (1994).
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Fig. 5. The ¯ux distribution upstream of a MA � 5:4 shock with
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In Fig. 9 we have plotted the energy/charge of every
®fth upstream ion versus the drift length f in the z
direction. The length f is calculated as f � R h dz �R

hvz dt, where h � 1 if the particle is within one
gyroradius of the shock ramp, and h � 0 otherwise.
The drift is calculated in the de Ho�mann-Teller frame,
i.e., the velocity vz has been transformed from the
normal incidence frame into the de Ho�mann-Teller
frame. The upper part shows the result for the protons
and the lower part shows the result for the He2�. As can
be seen, the average drift is about zero, i.e., the particles
stay essentially in the same ¯ux tube. The spread in f
increases with increasing energy/charge mainly since the
gyroradius increases. Figure 10 shows the energy/charge
of every ®fth upstream ion versus the total time s the
particle has spent near the shock ramp. The time s is
calculated as s � R h dt. Both species spent about the
same time near the shock ramp and the energy/charge is
correlated with that time.

In order to determine the scattering law we employ
steady state di�usion theory which predicts that the
density of energetic ions falls o� exponentially from the
shock ramp into the upstream region with an e-folding
distance given by Djj=V1, where V1 is the upstream
plasma ¯ow speed relative to the shock frame. In Fig. 11
we display the logarithm of the H� and He2� partial
densities as a function of position within the energy per
charge bands indicated in the respective panel. The
arrows in the upper and lower panels indicate the
position of the shock ramp. In the 16 � �E=Ep�=Q � 25
energy range the H� and He2� partial densities track
each other, i.e., the ratio of He2� to H� in this energy

per charge range is about constant. We thus conclude
that in this �E=Ep�=Q band the di�usion coe�cient is
approximately independent of mass per charge, M=Q.
In the 9 � �E=Ep�=Q � 16 band (upper panel) the
protons drop o� faster with distance upstream than
the alpha particles. Consequently, the He2� to H� ratio
increases with upstream distance, indicating that the
di�usion coe�cient in this energy per charge range
decreases with increasing M=Q. The opposite is true for
the 49 � �E=Ep�=Q � 64 energy per charge band: here,
the He2� to H� ratio increases with distance upstream,
i.e., the di�usion coe�cient increases with increasing
M=Q. Such a behavior of Djj is consistent with quasi-
linear theory: towards lower jkj the magnetic ®eld power
spectrum becomes ¯atter or turns over, which results,
according to Eq. (1), in an increase of Djj with M=Q for
those particles which resonate with large wavelength
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Fig. 7. Power spectra of the magnetic ®eld upstream of a
MA � 4:1; 5:4, and 7.3 shock
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waves, i.e., high energy per charge ions. Lower energy
particles resonate with small wavelength (large k) waves.
Here, the power spectral exponent d > 1, which results
in a smaller di�usion coe�cient for the M=Q species. It
has to be kept in mind that this approach assumes a
steady state, whereas according to the simulation the
spectra still develop in time.

We will demonstrate now that the di�use ions are
already injected at the shock with an energy spectrum
extending to several tens of the ram energy and that
already the injection spectra of protons and He2� track
each other in energy per charge. During the run the
velocity of a backstreaming ion is registered when the
ion crosses for the ®rst time a boundary immediately
(10c=xpi) upstream of the shock ramp in the upstream
direction. When at the end of the run a backstreaming
ion is found more than 30c=xpi upstream it is counted
as a di�use ion. Figure 12 (upper panel) shows the
number of backstreaming ions versus velocity and
energy per charge �E=Ep�=Q (lower panel) when they
crossed for the ®rst time the boundary immediately
upstream of the shock ramp. This distribution can be
considered as the injection spectrum. It can be seen
from the upper panel that a large contribution to the
proton and He2� ion injection spectra consists of ions,
which in the shock frame have about shock ram

velocity, i.e., which are specularly re¯ected at the shock.
The injection spectrum of H� and He2� extends to
several tens of the shock ram energy and is almost
identical for both species when evaluated at equal
energy per charge (lower panel).

As can be seen from Fig. 12 (top panel) the number
of injected ions drops drastically to zero for velocities
smaller than the shock ram velocity vr. The distributions
in Fig. 12 are plotted in the shock frame. As shown
schematically in Fig. 13 in the shock rest frame the hot
downstream distribution is moving with a bulk velocity
U2. The tail of the distribution with upstream directed
velocities (vx < 0) are, in principle, able to leak
upstream. This population has the highest intensity at
vx ! 0 and the intensity decreases with j ÿ vxj. Since the
intensity of the injection spectrum does not increase, but
decreases with v=vr ! 0, we conclude that leakage does
not represent a signi®cant contribution to ion injection
at quasi-parallel shocks. Acceleration models which
relay on heated downstream ions injected into a ®rst
order Fermi process under the assumption of an ad hoc
scattering law may result in observed spectra and
abundances, but do not describe the appropriate
physics.
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4 Discussion

We have performed a large number of quasi-parallel
shock simulations over a wide range of Mach numbers
and assuming di�erent ¯uctuation levels initially super-
imposed on the background magnetic ®eld. In a number
of these simulations He2� has been self-consistently
included. The particle splitting technique allows us to
follow the particle intensity over ten orders of magni-

tude. With respect to the ongoing discussion of bow
shock acceleration versus magnetospheric leakage we
would like to stress that we make no assumptions
concerning the occurrence of a Fermi type process; we
simply solve self-consistently the equations of motion
for the particles and the appropriate equations for the
®elds. As has already been demonstrated in earlier work
by Scholer (1990), Kucharek and Scholer (1991),
Giacalone et al. (1992) and Giacalone et al. (1993) these
simulations result in upstream di�use ions which extend
in energy up to more than 100 times the shock ram
energy. The speci®c results of the present investigation
can be summarized as follows:

1. The di�erential spectra of H� and He2� at a quasi-
parallel shock can be well represented by exponentials in
energy. The e-folding energy Ec is a function of time: Ec
increases with time. The e-folding energy normalized to
the shock ramming energy Ep increases with increasing
AlfveÂ n Mach number and with increasing ¯uctuation
level of the initially superimposed turbulence.
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position of the shock is indicated by an arrow
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2. The upstream magnetic ®eld power spectra
exhibit a hump around c=xpik � 0:1. The hump dis-
appears below the background power if the power
in the initially superimposed ¯uctuations is higher
than � 0:6B2

1, where B1 is the upstream magnetic
®eld strength. The power increases with increasing
Mach number and the position of the hump shifts to
smaller k.

3. The upstream spatial di�usion coe�cient at
the same energy per charge decreases in the low E=Q
range with increasing mass per charge. At the high E=Q
end the di�usion coe�cient increases with increasing
M=Q.

4. H� and He2� gyrate near the shock ramp and are
subject to the electric ®eld of the upstream and shock
generated waves. The injection spectrum consists of
specularly re¯ected ions and a higher energy population.
The injection spectrum of the higher energy population
is already ordered in energy per charge �E=Ep�=Q.

The fact that energy spectra can be well represented
by exponentials re¯ects the importance of time depen-
dence in the acceleration process. The increase of Ec
with time and Mach number can be explained by
di�usive shock acceleration theory. For the time-depen-
dent case the power law cut o� momentum pc is
governed by (Drury, 1983; Jokipii, 1987)

1

pc

pc

dt
/ U1

j1
�3�

with U1 as the upstream ¯ow speed and j1 as the
upstream di�usion coe�cient. Thus pc increases with
time and is larger at the same time for larger Mach
number shocks. The ion/ion beam instability between
the backstreaming ions and the solar wind is consider-
ably enhanced by a small level of initially superimposed
¯uctuations. At Xcpt � 600 (corresponding to �10 min
real time) the intensity at E=Ep � 30 (corresponding to
� 30 keV) is two orders of magnitude smaller when no
¯uctuations are initially present as compared to the case
when the shock runs into a solar wind with far upstream
magnetic ®eld ¯uctuations corresponding to a total
power of 0:2B2

1. We suggest that the absence of di�use
ions under conditions of long interplanetary magnetic
®eld±bow shock connection times can be explained by
an extremely quiet background ®eld. Di�use ion ¯uxes
may be below instrument's thresholds and can be
observed with su�cient counting statistics only below
a few keV.

Results 2 and 4 are consistent with quasi-linear
theory. To a ®rst approximation the dispersion relation
for upstream waves can be written as x � kvA. Excita-
tion of hydromagnetic waves by backstreaming ions
with velocity vb is expected when the cyclotron reso-
nance condition xÿ krvb � ÿXcp is ful®lled. Let us
assume that close to the shock the majority of back-
streaming ions have in the solar wind frame about twice
the solar wind speed, corresponding to specular re¯ec-
tion, and that the solar wind has an average AlfveÂ n
Mach number of 5, we obtain in dimensionless units
kr � 0:1. This is where the spectral hump is indeed
found. Higher Mach number shocks result in ¯atter
spectra; the presence of higher velocity particles shifts
the position of cyclotron resonance to smaller values of
k. The dependence of the upstream di�usion coe�cient
on mass per charge is as predicted by quasi-linear
theory: high energy per charge ions resonate with waves
whose k vectors are smaller than kr. Here the power
spectral slope is zero or even positive. At high energies
the upstream di�usion coe�cient and thus the charac-
teristic upstream distance of the partial density of He2�
should therefore be larger than that of protons at the
same energy per charge.

The above consideration is based on the simplifying
assumption that specularly re¯ected ions mainly excite
the upstream waves. However, the higher energy di�use
ions extend further upstream than lower energy di�use
ions. At the foreshock boundary, i.e., far upstream,
these ions will ®rst excite waves with larger wavelengths,
which are then convected toward the shock. Closer to
the shock lower energy particles will excite waves with
smaller wavelength. The increase of the magnetic ®eld
power with increasing Mach number cannot be predict-
ed by quasi-linear theory. There is almost an order of
magnitude increase in the power between � MA � 4 and
� MA � 7 shocks. When the large amplitude ¯uctua-
tions at high Mach number are convected into the shock
they lead to a large wave electric ®eld which is
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f( )v||

v||

v||
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Fig. 13. Schematic showing the downstream reduced distribution
function f �vjj� in the shock frame centered around the downstream
bulk speed U2. The lower part shows iso-intensity contours of f .
Ions in the shaded part have an upstream directed velocity and
contribute to leakage
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experienced by part of the particle population. This, in
turn, leads to a ®rst step acceleration to higher energies,
i.e., the upstream spectrum is ¯atter at higher Mach
numbers. The production of ¯at spectra and large
¯uctuation levels is self-sustaining: the high energy
content in the di�use ions leads by the ion/ion beam
instability to the large-amplitude pulsations; when these
pulsations hit the shock they in turn lead to large
temporal electric ®elds which some particles will expe-
rience.

The ordering of upstream spectra in terms of energy
per charge in the simulations can neither be explained in
terms of the mirror re¯ection nor in terms of the
standard steady state Fermi model. The Fermi model
assumes a species independent relative energy increase
each time a particle experiences the shock compression.
The e�ect of an upstream free escape boundary in
combination with an M=Q independent di�usion coef-
®cient at the same E=Q has been invoked in order to
obtain exponential energy spectra with the same Ec=Q
for H� and He2�. Both seem not to be the case: the
di�usion coe�cient depends, although only slightly, on
M=Q, with the dependence varying over the energy per
charge range considered. The ions, which become di�use
ions, gyrate during their ®rst encounter with the shock
near the shock ramp and are subject to the electric ®eld
of the upstream and shock generated waves. As
proposed by Lyu and Kan (1992) acceleration occurs
when the tangential velocity of the ion and the tangen-
tial electric ®eld are nearly in phase. The energy gain in
an electric ®eld depends on the particle's charge. Since
both species are trapped near the shock for the same
time, He2� gains twice the energy than protons, which is
expected to result in an ordering of upstream spectra in
terms of energy per charge. This does not explain why a
certain part of the upstream ions stay for an extended
time period near the shock nor why protons and alpha
particles spend on average the same time near the shock.

The simulations presented here have shown that at
least up to Xcpt � 600 the behavior of the spectrum near
the shock and downstream evolves with time. From the
comparison of two runs with vastly di�erent simulation
system sizes it is concluded that the spectral shape is not
due to the existence of a free escape boundary, but due
to time dependence. The free escape boundary has been
invoked in order to deal with a time dependent
acceleration process at the bow shock in terms of steady
state ®rst order Fermi theory. If using a steady state
theory with a free escape boundary as a proxy for time
dependent acceleration the position of the free escape
boundary should depend on time, as well as on energy
and M=Q of the species considered. In order to explain
the energy per charge ordering of spectra within the
framework of steady state Fermi theory with a species
independent location of the free escape boundary, the
di�usion coe�cient has to be independent of M=Q at the
same E=Q. The present self-consistent simulations sug-
gest that the ordering of the shock spectra in terms of
energy/charge is not determined by the M=Q dependence
of the di�usion coe�cient in the upstream region, but by
the injection and acceleration processes at the shock

itself. Since the ions are accelerated by the wave electric
®eld this naturally results in a E=Q ordering. The present
simulations do not take into account di�usive transport
normal to the magnetic ®eld and lateral free escape
along disconnected ®eld lines. As outlined in the
introduction, a model invoking cross ®eld di�usion is
also capable of explaining the energy per charge
ordering of upstream spectra. However, as shown here,
there is no immediate need for such a model and the
mechanism present in the self-consistent one-dimension-
al simulations results in the observed spectral shape and
energy per charge ordering.

Some of the results presented here are di�erent from
the results in the work of Giacalone et al. (1992) and
Giacalone et al. (1993); the reason is that these authors
used rather high values of the initially superimposed
power in the magnetic ®eld ¯uctuations. This is not
meant as a critique but rather as a clari®cation:
Giacalone et al. (1992) were interested in rapidly
reaching high energies and in obtaining power law
spectra as predicted by steady state Fermi theory. They
achieved this by assuming a high ¯uctuation level and
consequently small mean free paths. However, we feel
that this is not appropriate for bow shock investigations.

The simulations allow a number of predictions for
observations at the Earth's bow shock. The time
dependence of upstream spectra translates in a depen-
dence of the spectra on time of connection between the
IMF and the bow shock. For average magnetic ®eld
conditions harder spectra are predicted the more one
moves from noon to earlier local time. The e-folding
energy of upstream spectra should strongly depend on
Mach number. It also depends on solar wind velocity at
the same Mach number: the scaling of the upstream
spectra is given in shock ram energy. At the same Mach
number a higher solar wind speed results (in real units)
in a larger e-folding energy. It should be remembered
that the simulations are performed in the normal
incidence frame. Thus, e-folding energies will also
depend on the IMF cone angle. The prediction of larger
upstream e-folding distances for He2� than for H� at
large E=Q values is consistent with the statistical ®ndings
by Trattner et al. (1994; cf. their Figs. 8 and 10). Many
events do not exhibit a clear inverse velocity dispersion.
It is suggested that these events are due to a slow change
from quasi-perpendicular to quasi-parallel. The ®eld-
aligned beams from the quasi-perpendicular bow shock
excite electromagnetic ion/ion beam instabilities and the
resulting turbulence is convected into the quasi-parallel
to quasi-perpendicular shock transition region. The high
¯uctuation level in this region may lead to harder
spectra. A spacecraft moving slowly into the quasi-
parallel regime due to a change of the magnetic ®eld
cone angle may then see a harder spectrum earlier and
could even observe a spectral softening as it moves into
the quasi-parallel regime proper.

There are a number of open questions which have to
be addressed in future work. In particular, the question
why a certain part of the upstream ion distribution stays
near the shock and is not transmitted downstream has to
be answered by analyzing individual orbits in detail.
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Also of importance is the question of acceleration
e�ciency, i.e., what regulates the number of ions which
are accelerated in the ®rst step acceleration process.
Preliminary results have shown that this e�ciency is
controlled by the upstream waves: eliminating upstream
waves (by attributing zero weight to backstreaming
ions) leads to a re¯ection of more than 40% of the
incoming solar wind population. Thus the processes of
injection e�ciency and upstream wave generation are
self-regulating.
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